Stratification in survey sampling by Maloney, Clifford Joseph
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1948
Stratification in survey sampling
Clifford Joseph Maloney
Iowa State College
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Statistics and Probability Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Maloney, Clifford Joseph, "Stratification in survey sampling " (1948). Retrospective Theses and Dissertations. 12870.
https://lib.dr.iastate.edu/rtd/12870
NOTE TO USERS 
This reproduction is the best copy available. 
UMI 

II aUEflY iAMfillG 
Clifford Jos#pli itialonej 
•. . ; -V •- . . 
ik Shesii to* ;tli®-Bica.fliiat© faetiltj 
•,f©t; i kf. Df ,' Q f' -
Major aubjeotj Matii®ietleal Statistics 
ApproTtd! 
ill Ma'J or i'ork 
Pean imt® C'oil®^ g® A 
Iowa State College 
1948 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
UMI Number: DP11932 
INFORMATION TO USERS 
The quality of this reproduction is dependent upon the quality of the copy 
submitted. Broken or indistinct print, colored or poor quality illustrations and 
photographs, print bleed-through, substandard margins, and improper 
alignment can adversely affect reproduction. 
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if unauthorized 
copyright material had to be removed, a note will indicate the deletion. 
UMI 
UMI Microform DP11932 
Copyright 2005 by ProQuest Information and Learning Company. 
All rights reserved. This microform edition is protected against 
unauthorized copying under Title 17, United States Code. 
ProQuest Information and Learning Company 
300 North Zeeb Road 
P.O. Box 1346 
Ann Arbor, Ml 48106-1346 
il 
fisBLS Of COIfMfS 
Bag® 
I BHSI.IMIIABIJS3 1 
km Xntrotuotloa 1 
I* £laa 1 
2. Jomeaolatiir® i§ 
S ,  J o t a t l o a  . . . . . . . .  .  .  8 
4. Mist'Orjr Ig 
fh© Tbesls lro^l«o E£ 
1» General 2Z 
2. I'll® thesis problem sltuattoa ..... 22 
a .  B a l a t i o i a  o f  t l i ®  s a i l i n g  p l a n e  . . . .  £ 7  
0.# Stratlfiestloa la Ome-Sliaensioa ...... £8 
1 .  C l € U @ r a l  » • • • • ' . • • • • • • • . . •  2 8  
J2. Caae I ................ 31 
Case iI..*. 33 
4* Case ill Sg 
5. Csa© if ...... 39 
6. Coaparlson of one-iiaQiislonal stratl-
fieatl0ii 'reSTilts 41 
£ I  2 ^  a r U M  . . . . . . . . . . . . . . . . . . .  4 4  
A. damplliig^ rian v-a ............. 44 
1. lot at Ion 44 
2. Two tbeoremi 4S 
3» *0an aM  T a r i a n a e  l a  p l a n  V - 4  . . . . .  4 9  
4, Irofesbllity a©iislt|' fmiotlon of t'tt© n|j 51 
—7— n /• /"! y 
ill 
lag® 
6. Bistifltomtlon fmnotion for tifO hy tw© 
f c a t o l ©  . . . . . . . . . . . . . . . . . .  6 4  
6, ilTsIuatloa of i in two toy two table . • . 58 
7, lieaeral tlstribtttion fanetloa 60 
8» 31ffl|)llfieati0ii of oeaii ana Tarlane© . . .  6 5  
9 m .S-ralttatlon' of . 66 
10, CslettlatlQJi of ttt® g|_j 68 
11, font of L ........... . 70 
12, Interpr®tatl0» of tlm results ...... ?0 
B,» iij>pli©atloa of Leart Squares ........ 7E 
1, 6©aersl. 7E 
2. TwQ tMeoreas ia l®ast squares ..... 73 
S, Braetical prooetmr© for flrawlng saiBples 77 
4. Averag® gala la frtclslom thromgb 
a d j u s t m e n t  . . . . . . . . . . . . . . .  7 8  
§, Applleatioii to saiiplliag plan f~A .... 79 
C, JlKa«ii»tloa 0f the .;Sxp(jn@atlal Matrix ... 82 
1 *  0 « i i e r a l  . . . . . . . . . . . . . . . .  S B  
2. Ifalmtlon of the Sf@©lal a©terEQii»iit . 84 
5. iHTersloii of tiis eapsneiitlal matrix . . 85 
4 .  S s a o a i  a f p r o x i a a t l & n  t o  t h e  . . . .  9 9  
6. AiTaltmtlon of th@ ezponentlsl ittermlnant 91 
S r a l m t l p u  o f  e p e e i a l  e a s t  . . . . . . .  9 2  
?• folya-^alsl iralm® of tb® aetermlnant . , 99 
8. i)et«railm.tlon of alselng teros ..... 101 
y. ^Iteraatlv© foro of resw.lt ....... 103 
i.w 
page 
IQ* Ixplanatioa of ffilsslag terms . . • . ... 104 
J.1, Odd powers abOT© on© lOS 
IE,' ffeaeral cas® 10? 
13.' -CaB# i 112 
14* Oase II 113 
15. esse ill ............... . 11? 
16, 3yii>0ile result isl 
17» a#Biarks on t!i« i©t©roiiiaiit ©valmtlon . 1£4 
III SCBSI»Iiait 4Uii^5I«3 .............. 12& 
A. Altematlv© sampling plaas ......... 125 
1. citiieral l£5 
£. Saopling with oonplete stratification • 125 
g. aaapllag esttplttely at random ..... 126 
• 4. itratlfyiag om on# orltei'loii only . . . 13 
6. fixing f.. at p. p . 1^ 
ij I* *3 
B. flirtation O'f I'mtor# work .......... I2t 
1 .  G e o e r a l  . . . . . . . . . . . . . . . .  1 2 9  
2. IxtenslQu of results to Mgh®r 
. ailttOIlSlOBS 129 
3. • Tb® ,eaae of trrors to the oarginal 
totals 130 
. 4. CofuparlsoB wltti latas* ©etbofl of 
saiaple ssleetloa 130 
§• Besmlts of iJiproTed aceuracjr ...... 131 
§# jAstraet specifioatioa o£ aampling plans 131 
f. factorIssatioa of 0xpoa@atial aeterolnaot 
'oy tk© tt.s« of fjromf theory . 12E 
V 
pag© 
8.. Algebraic sptelfloatloa of 
faotorlaable i«t®rmiiiaata l'<62 
^uiaratloa of taras In «xpant«i 
aefc^nlnsats 133 
C, 3-TM»r|f 133 
If i.eSfOiLSBSiSk.'.J!? 136 
AttllDIX i 1S6 
AllSiBlX il . 137 
AfSMDIX XII 137 

















































































































































































































*f4  4i» 
ILi 0 0 
„ • ft t 
i ® 
•««»• Jj 4^ 
m S3 @ ft :« f& •fHl © 
'4# 
as i t4 
4* as P # 0 ® tT^ £Sf JiS © M 40' l3 
St e* # 
«*»«»• 4^ 
*6r 
<4^ r4 m 4A # *W' 









m 9 It M 
'm 43 











m tf4  
.•|,^  












*f*4 9 p» 
m 
© m $4 0 0 H) m w M 
•4  ^
z 
will alwa^rs 1® fmlli' to r#f©r@aii#8# la y®» 
gari t# mmTernrn^. tmhlm bo fm%h^ ot i9bl@b 
©nlf- s v@3^ tmm te tfes tbssts aa« tt wkiob r»£@r®»e« 
will %% r«Qmlr«4» it mppmm t® te« «®ie® @@®r«al®ot to mm» 
tb®s@ $M mim tbif0iigbo%t tb@ tb#8ld« talle II) 
is la srtl#l® tomt tabl# is te srtiela 
An ia4«x to »meli s«ri«a la gtwm la tb® &fp@aiio©s« 
, la tfe# »t«p» ©f ywofs, prior ttmtteas will oeeasioi^ 
all|r eitol B.& aatboritf* 3mb will follow tb® 
spita« outliaoi la tb« fy#o#iii^ psragrapb, feat will 1i« 
pMooi ©a tlfeo l«ft*l»ai «irgia. of tto® oqa&tioa to %biob tboy 
jpofsr. 
Meitmmmmm aai «mttoriti«s ar« gtwmm ia a list of 
litoratiiar® oitatioa® followlag tfe® sfp^lieos. Oitatioaa 
ar© iaileatoi ia tbo toxt by tb# aorlsl aiiffllbsr of the r®f®r* 
sao®» aai tbo teilliograpliloal mttl&M ®r® awaagoi slpbabot-
ioaUj for sftry miQwmm* fb« Mm of the ali%r«ri&tioa« 
m@®i ia thfi Ststietloiil S«tlb#Solog|^ £M@x of tb« Joaraal of 
tb®-.Awrioaa Statlatiosl Astoaiatioa, #iit«4 toy ©soar Krisoa 
mro&t M& l«#a a4optti» . If lb« yof«r#«® is to m spoolfie 
tho fsgo aw1>«3f is gifsa st tb« oaA of ttoo oitstioa* If 
more tk&n oa« pago oitation ia girea for a single entry of tho 
list of litsrstwo elt#i» tbo orAor of listla^ tb© page aiai-
h&m ia ta« oitstioa is ttoa a^« as tb« ortor to wbiob tb® 
roftroaoss ooomr ia tkm tkesis# 
s 
frsiimsatljr llstsd to ®fp®aiix I, 
to apptaiii: II, ami tk«oy«« ia mpprnwAiz III# 
SSBtSS&e »ft4a feQtj of tto« tkeala Is ooataiaei 
la fayt CHI# ffe® prlatlpal rmmLt la §trm to equation 
(II) #f arllsls A iis^iaatoa ©f lb« ^mring of 
tills ftaull m «ffl©t«aey of aaeipllng Is glirea to sestioa 
ll-II)# A mtmtmmt &f th& thstls pm%Xm Is gir@n to seo-
tloa tO-XJ* srtiotes #f .part {I) pywlt® deftoltions, 
lilste^ieal t«ttlag ©f %h» pri>bl«, mm m mrim ©f some 
ais^l9r y®suits* 
Z» M&m»m3Mtmmm. 
f^s $@mr&l me of %bm 4«vio« of Bwer9f Saraplteg as a 
tool to irawtog ir&XiA isitmammm to naktog isQlslons to 
govtmasiit, sM ©oglaterlag is of strlklagl;^ 3p®o«at; 
i«T®l©pMBt* f^« a®s@ptaae@ @f tb@ ®8tho4 Is so 
eeat, to feet,, that m aaa® is to g@aarai ii«®# fte,® t®raa 
«saapl«» m &l0m mml& to# o®afuatog» aa tli«se werat 
teT® am mmm%le^ll^ iiff«r«at «»ge to atati»ti@al th@®rj« fli© 
tetffis or "'iwrv@^teg" al©»« wo^a, sf ©ottra®., sot %® 
apfli#aM.«, Ijr a saaal® mmtwmw w© shall ®@aa th# takto.g of aa 
tovantori^ of a @®ll®ottoa ©f ob3««t® toy aa #xa»lastt0n of a 
part of tilt fetal mmMm of waits, aai tofarrtog aggrtgat® 
prop^tlas of %h@ total «M«®bla tram ol>s«r?'®4 prop«tl«s of 
tb® ^art axaatoad* Isai^ios womM ofiaion polls* tb® 
4 
adatfell- rft|>0rt m thm In-hm fora#., t&@ BLa Coaamitrs* trie® 
ItiisE.., fsrestry &ni tlsh&vy smrf©ys, tli# Msst®!- 3a^l® of 
Agriemltsira, sai &9 m* 
It will sot prasties&ls to teflat ia, t-bis t.li@sis all 
tk@ teeteical terns is®i, fmrth«r.aor«, mo referoi®® t® tb@ 
Itteratmr© is |>os»tol«» a® m stagl© rsfsrsn^e ts at all si«-
fiaat®^ ®mi tb# totality Is tof®l«ssly «#iafiis@4* fort^»tsly, 
tlie ®«aaiags ®-f mmt .of ttoe t#riis w« sliall ms« ar® .smf-
tlQlmtly .a®a« rfifttirlag sf®©ial airtle® are dls-
eusa#i la tli.ls S"«ett©.»» 
fk® j^rt tk® t#tal p©falati©» «»aSa®l tn. tk© survey 
will ia til# s.©qm@.l fee eailed tb,« msmalm fbls part will h® 
raa4®.mp of a s»te@r ®f »mb«farts. sallti mXt-M&te ^.a^pli^g 
mMM* 
fke mltimst« sasfiliBf wilt® asy to® amtmral or artifleial 
la »itfe®r oas« they My b« arriffig.«i la iii.«rareh.i#s 
0f gr®mis &t .ssffipliag mlts.* If S:©., s#»pliag will amlti* 
stag#., fh® i.®eisi®» as to hm to saapl®, at aay .stag© is 
8«apl0tsly iat®f«B4«t ®f ttot at: etli©r stsgts, so tfeat &11 
^©saltolt BQmtmtlms mw mmx* 
If Amy 0f til.® .a'liof« d®a^erlfe«-a grtmp.® #f ssbjling aalta 
ar« s»!iiat.i in |;b#tr ®iitir«ty wb@ii©T#r fta« of their «lea#nts 
fall.i ist© tto,e .s-Mpl#.,. w« will aay ttet mlmtmr aafflmllng mm 
mssA, 
If & f.srt .©f a fr#mf, less tlan wb®l.« sat .i©el€®i 
s 
Iby BMpiiag ooa&lft®ratl0ns, is exanimei., mm will saj tbat 
8'cfe»a&a!pl:tii,a was 
t%© lb®#!'!' of s»apl.ing fells aatwsXlj into 
tbr«© Qmtmgmimt -tl) %%&. M»lm%im ot %h% sa«pl®j Uil tk® 
form of its #3gSBlaati0Bj^asi (illJ tii«. aeth®i of iaf@»i»g 
aggifagatt of tli# wMole — tli® f©i^mXatiaa • 
flroti lb© pr®f®irtles f©ma€ tm tks ®aapi«# s&nnle 
3ei#etioa m& i# aot «»aa th# fr#a««a Ij-y ©le-
mm.tm &t the mmplM ar# <i,eBts®tit€, tet thm i^tsi-mia-
mttm of irmies tow itetiteg eiws iaelasi» ot elass 
#x«lttai.da f@r meh. mm%&- &t th® fo^mlatloa# aaie-ir fQg» of 
#m«ia«tiQa womli %«• ©la§stfi@i a««b -qntstteas »8 whetMr 
to tts® ©ye mttmtm or a«tmsl «•«««'## mi if so,, of mh&t 
type;-wM®tfe«^ t® aa® »ail ^aistl^icftalrtit or tatoertews. aai 
if tk® latter wketter not t® me "t^tli ^ 
et©* 'eai®? tto-t «®tto4 &t tsf ag^gregate pr®p«rtl@« of 
til® -MhoXm the ggtimti«L- 'i^goe-eamg® — ay® ils©ti.as«l 
tm«stloas of wli.«tii«^ to nm mamm or »aiians, strsiglit 
mp m reg3r«salim,» 
if tfe® •«ri#r wl.l#b indivlftiisi sa-^ling mtts «t@r 
tb« gmmmg ganfl® is tgaofsi., ®» If th# samfls is fti-insi 
all at oaea, th#- aai^l# i« «aia to la 
tb® prestat writ#r is aws?«, pi?ia#lfl©g taeiiiag wlitoh. 
©Isaaats foraiag tb®. p©p:mlatioa ar® to e©^©s® th® saapl® 
6 . 
fail mater flf© fli@s® flv® setheds appli^, of 
oowst, t© my stag© ©f a aa.^1#, ant aae^ 
Q-Bxi tj»@i la- eoajiQ»e*li0a with, aay ©tlier aetboi &% aaj . 
otli©r -stag®.# 
T&e- ififlnltlOKS of sssfl# bsailmgs to f@ll.©w i© 
not prtttEd t© l&glml pe:r£#«tl0B, for example, we Ignor®' 
tli« iiffiottltiss *- iogie&l mi'pra©tleal •— ©f 
lieatifylJig ®leoi«nt aai fi.© aaleettoa of a 
sa«pl# tbe late two elasees, th©s® in-
elm4«.4 aiii tii-ost 'M&.h mmhBT tbt® s®apl® will 
l»ve  oa@ ©r rnvB ebaysetearistag frop^tlts., 8©€ liMmlam tor 
tbo0«^ @xela,4#4«. as a wtol©, the set 
r#Je«t@a as a wli©l«, a»ft all y-esaitol® saaples aafl tb,@ir r«-
J®et©t @oaplM@ii^ will tev© tfeslr respeatlf® etosraet@i'lilng 
fr©fertl®s» fii® flT® ol aamplm eaa %hm he 
SSS^S Ctotese sew# f«gltlv© fmetloa of 
o»® or »©.r@ ef mmh. ©leaeiit, or of mf of tk© 
s-0t8 «m-iierat©:t abev#,. smtej«©t ts tUm rtstrletlea that tb® 
faaetloa earn b« a prttelsHlty faaetlon* If, tk®i», for aaj 
Sf.0eifl@i #l®ffl«»t tbf ©f laelmtlc® of tM»t 
©leoeat la tlia assfl® a^tmaily tlioem Is prtfsrtioiial t© th.® 
Tsltt® of tie s¥ove fiactloa, th# sa«^l® Is e«ll«t a mnioa 
soapl#.. for ©opliasis,, tfeti «@*lboi will b® re-
f®rr«t te as '^Mirestrietoi rtad#® s^llag" {at tha glTo» 
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1 (1)., 'S'vriimive gaffi-pl#* I»®t fii« f©3ra of the Joint 
fy©qut»8j listrilatifiB of me ©imi-aet#!" to®ittg eawplei f©r 
ana of speelfiTO otll®l'^simracters to® knom, ma let %h® 
joint fiistribmtlea ia tbe popmlstita o.f the latter ©Imrac-
ters "fee kiiowm# I»«t sleamita Qi 'tti# p-tpmlation, b® okssen la 
any maimer tiiEt peisiits ta# ftetermiasttoa of tb.© OTltivarl-
ate regression of tfc® etmrseter i®slr©i ea tkog© toowm. 
Siish a BMJpls is a pa'poslTt s»pl@» 
fli© last tiaras mettoots ar© referrei to onlj Ib tb,© bis-
tery ssetioa* 
g# lot&tiga.* 
Insofar as poseltole, tli# sotatiims im tills thesis nill 
eonform to tke «©st g®a©rslly ae.©«ptei oarr^at rnsag©# fhis 
praetia® will to# motlfiei ©.eeasiosallf f0,r ©aavmimc# ia 
tyfiag. It s®««s t:) inlseiaet aai. tafin© epe0l« 
fle sjubols as t^sy ar® aeefta-i# mtker thaa to giv® a long 
list of symteels at ttils fou^t;. 3?#fer@nea,. all •an'olols 
art e©ilfi©.t#i st tb® ei^ of tli© tbtsls,, mlth a rafeysae© to 
tfee artlol® im eacfe Is On® ayrab,©! ieesnr## 
ap.»elfte o«ati©ii» fliis is tli© m& of f to IMleate Tarianoe. 
ftos,  ffyl  mmia th.m wmla.m& of &e saapl® ia^« 
- ^ ^ ^ 
Iroxessor anadecor (51i has emplaaBtjgdi tiis a®leeti©n 
f«atttr» exploited above. iThe definition. gtT<m r®p?®a«ats 
aja stt®»pt to give a useful interpretatl®m to tbst part 
th® I4ta sat embodied in balanced aampliag* 
f 
»e stall i»T® extssasif® ii«®4 for am»»sttoas« file la-
ite«s ia theme sww-tloas wl.ll» as a I'l.le,^ H® i-epreseiitet laj 
I,. 3, M;, . • • as a®.®i«a« Instaaees &1 ia©r« thaa thr&m la-
4le#s oa OB© e.y®l©l will !>©• rsr®. 'f Iv# s-saaatloa eowea-
tleas will 1© msei .aeeertli®' ^©iwenlme## Sli« first will 
he %im capital l«tt€r a. fWs l®tter will b® as®! m 
©tbeiT' yarf#®©* Tfe« s#©oai will 1© tb© "iot" ii6tmtloii.« l%ms, 
X. win b0 liaatlesl mttk S x fb® tblri will toe tb® 
• J 
"sttffiostiom eoavtatlsii" of tBm^T ealemlms ttet a irepeatefi 
lai#x la my Qm& tam tatleat«S' tiiat that t«?a is t© be su®-
ffi®4 for all Talmes of tfea rtf#st#4 toiex, fo amll o«p-
selves ©f tkls eoa-r«iitl©ii It ®lll soa»tlws Qmrmnlmt to 
tetroime® la & glvea t€r« a flgar® I with, tlio.at affi3K«& mnx 
mk%&h siamation is t©8ir@i# Thm 1, .x. .•S x A ilffiomlty 
Ij i$* 
of tb® saa^tlea a-saveatloa la t^t 0-e@aslo»all.j s t«.r« will 
eo-ntala a r%eat®4 Sat#®:, %iil It will m% %« sm«^-4«- £3fse» 
tie® ia this- Is Bot The sm-§@M&lQm. of tJi& 
Bwm.B.%ifm ©onT-datiQm will le laile.at®! la tills tk#sls by 
• mi®rlla-lBg fb@ l»4®x iBfolfti* tlist Is p.s aaaai tbe-.oae 
Jk J 
t@ra t««s 0v«i? tb# laS®!: 1, 
m la-i#x to -©©.imt Im tbis r#gsrt aust to» ©a a faetog 
©f tk© tera. An aa m, lmi«x m 'ia an mxfi&mnt will 
aefer ooiaat# ©a, tht &%ihm tent, lraefc«ts.,, par-®n.tli»s@®» 
- exfoausats ma s# m s»k a factor «ill ,ao 
effwt oa tfe@ op«atl«a ©f the 8m«»tieii ®0BT©atl0a# 
10 
fbe fewth saamatiea o®aT©mtlofl will tk® "iatex 
•gyatool" ['3 of Oteistoff©! theugH with a B®aifl®« ffleaaing* 
wfeieh will b© self-fxflana.tui^ in mj girm tiisteae®, ftes,, 
Cl/k] aeans %h& tm« of ©fer tii® la flex 1, exeepi 
that t io®s not tsfce th« fslm# k» tfa® flftk atamation o.on-
will be tfee feass sya¥al £'3. ife#a®vej- m mimM 
t«r& la ©melosea In C |, tfe® tar« Is to be s«ffla«d Qrm all 
sufflxsg# 
fb© me©i £o^ contlnm®! proiBeta will H© mmh, less m-
teaslT® tfean for • 8«aaelions,, 'hut will oeomr. 4 esnTeBltat 
teTic® is arailaljl® hj analofy with tla.« Okfistofftl aad 
©auss aym^ols %j smtostltattog ia ®sefe ©s8« paraatli©a®s for 
trsefceta*. fbms. 4iX|J aeaas tk® BgOiiuct ©f tii« &r@T tta® 
range of i, ajii rnmm th,© prodmet of all following 
symbols ©xe®ft that I does mot tafct ©a tb®. Talm® 
%'h.B mss of toraeketa aa4 far@atb«s@s :ln two s®as©s aay 
oecasiojmlly leai to sabiguity.aet ©asily reaolTa'bl® team 
til® .coattxt, fkis will STOiitd hy iMi«atiag swaatioas 
ana froimets toy otbti' efflaveatioas' in all suoii ©aseg. 
Isfili si^serift will la© glvBU a eomventieml raag« as it 
ia is.tr®tee©a» ©©fiatloas, wttli OT® except lorn., will b® 
Sf«elally Initeatei# fb® ©xeeftlon, wbieb, will oeeur fre-
qmeatly, will fe® tii4iO'at@l hy attaekiag a smp^rauript star 
to tMa qmatity hmimg saaoet* fh© stay will iniieate 
tkst til® vmig&B of sa»oati0H of all suffixes giaHiii#a in tb© 
givm term ar« to to® fey milty. flims, I x?. 
15 ij 
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mmm S x* wlmr® tfee on I extsBis 0T©r Its aoa-
i 
ir«iitloaal Tslm© 1ms ©a® t®yn» 
. Xt 'skomli lb® «af«©iallf aotet tbst -tlila eoBTeatlsa io«s 
not;specify tlmt tli# %m:m Is to 1»@ swa®«i., temt ©aljr that if 
ramea, &.m lnileat«t directly or i-y s sf«©lfle smirsatloa^ 
tb® yang© tke rnummA rmtluhlma are to la - d:©ertase4 toy 
uaity# 4iTM;tag# will l># tsk.#ii ©f tais fact to exteafi tbe 
aeaateg ©f tto.# «yffil»©l t© iaiiC'at® t-®ey«asl^ ®m® wHSmBoea 
tb;®®«®lT#s*. fhma ffi#aas 1-1aai ©-©aas 
X . , wber«s» l.lT «eSBs tb« stt®»ti©B. df B over tke eoa-
1-1 i i 
Tentlsnal raig© of 1 «t,nms sue term... flia me of tfels con-
rmtlm will »terlally iaereas® tfe# a®ata«s8 of eertala 
eqmtloaa aai tabliii# 
f0.H.owliif a saggesttea of (48J tlie Sron@0.S:er 
sjr«fe®l will siaftet t© tl.« tyftiHrlt«ip %y safestitatlag a 
oapltal letter i for tk® §r®ek l@tt#r inlta ISliapi^ri *©«•€ 
a 'r#:rtleal 'bai*!* tto® «i®®B«tial feaetlsa tb© ¥a8@ 
Is »«« will oft«» written fMte »&ia® Mmm mill to© 
«mploy®a to imdle-at-© Integrals hj ma lag iJjati. 
Two Itsa e0»aoja 8©»reattdms la matrix aotattwi. art-
stop t«4# Xa a ©ontext wfeer® aH arrajrs ar® aiatrt©## ©r de­
ter aai in ants tli» ismtol® or slafl© toars will toe aa4«rsto©4« 
In aiiitloji, toy analogy wlta A* t© taiicats tiae tmuspos® 
qS a, th# notatloa A* *111 toe for tfa© inircars#* 
IB 
4* tttstSSZ* 
SSSlS.- s«etiom pr©s#nts a brief blafcorj of 
Bnww®y saapiing, imtmimi. to foro a tacfcgronaa for th® ils-
ettasioB ''in later seotlo^, i|ill« ao history ''of 
statistles «xl8t8.,. eerlala fbass® bstia Aimmsmi by 
i'Mi, »aIkQr ea6#^»i IS?i» Karen IS4), 
Gzmh&T 114} ^  T#ih«t«r lSi|. &ad #tfa@3fs» 4 Hmsslsn 
laagmg® pitoll®stl®a f4SI shmM ms«fml for Russian 00a-
tjrilmtl-oae* 'fartia&telj,, &a ©rittesl felat^ry of 
ea© a%@et of saople sm,rf«y wojrl; — th&t r elating to tb© 
as® of %e Burwey pffosMw# ** is mm STatM^l© ia aa 
artlol# ly f3C«ft©r4©k f* 3t«f&te (§11, wbieh geaeral 
pi2blle«itl©ii is prtmisei-. A smrs'ey toy Iat«s t#l) gives par-
tleular stt®ft.tio-a' te British Am&la-pmmtam 4iaotli©r 
Bmlsy I8i la A amteeaf ©f artleleg. giv® attmtioa 
to partieulay 4@T«il0fm«it», <231, 151, {M)» & sjiiposi'aa 
in of fSM" iSeoiaoates akomli @speetally 
a.®atli>a®i» i^li. 
ia «tty att@«ft to infer ebai'aettrlstie.s of lb# mhol® 
from aa exfiuaiimtioa of s part, tk@. qwstion of the 
llslailitj @f ®-8tl«at®8 arrises. I'fe® ftrst st©f8 towar4 a 
solatiea to tills fm@etloa wm« tak.«a toy .iseqiies Btraoulli., (4). 
ais mlmtlm. apfli@i oaly te l#ff«etlv«ljrf inftolt®' samples, 
and r©qmlr©i tbat tb« eliaiM© ©f B-my giwm sleoeat eateri]^ 
tbe aetmlly eiioaea ®aopl@ b® etml ta that f0r mj otkex' 
13 
@lem@»t, 'im laflntt# restrletloa is aamally mnimportaat, 
ana -'ean'iiorsallf 'b© ©asily remofti 'bj a flaite oorreetioa 
factor. But, in tfee aajerlty 0f ssapl® smrTsys, tli® s®l@©-
tloa 0f SilemoatB t.fe® n^ttoi ©f uarestrlotefl -, random 
saapllag ia iifflealt if aot Impoasl'bl® to insure, mm if 
• it w®r# pQssill©, tbs aaapliiig error of uurestriot«d xmi&Qm 
tallies is msmlly -o^Jectienally l^g®# 
ftee diffiemltj ®f 8@emriag matestrletei imnio® sai^l®s 
aai" til© «ai®slr«.'b£litf of tli@ resmlt-'img large sailing 
errors can in g-«@ral Mfh mt by vmiMg eollateral infor­
mation sljomt tbe popmJatl©n very ®ften spatial contiguity. 
Swah e#llsteral iaforaatiaa is msei la ©ne m ¥otfe of two 
of th# tib.r#®- dlTisloas of saapllag theory a@t fort¥ in 
artiol# {1): (i) fiie eelaetioa of tli® SMplea aai till) the 
©stl®atl0» pro«®4mr@« la tM first ilTlsioa, tlie infor-
aation —' 'eensaa ista, mta* —• oast- b« a*ralla,^l@ before the 
saiapltag is t©a©, ia th.« latter e.sss, it ©ay at tiafis fee eol-
l®et«4 aloag witM tbs liifcr»ti©n of €lr®et iiit«rest« 
Collateral igformatiea msei jfor atr&tifioation. 
As afpli@a to ^m-sratioa data, tli« we of ooiiatorsl data 
for Btrstifisatioa was stmiiti ly loiss^n 142) and in elms-
ter safflpling ly iexia |35:J» 
lb® pr©p®r proo®titre ia tli® eas®- of aeasartaeiit data 
reaainsd ofesemre. A, I. Kiatr 132/,. Iorw«g.lan statistiaiaa, 
was iaatramaatal la getting tli© Int^rmtiojial institxit® of 
u 
3|atlsties to ooasii®r tli« iii.@irlts of tbp *'r©pr#S'Qiit»tiy.® 
rottfciod* as smrrey sampltog was tli#a esll#i, ^  A #©m®ttt®« 
afpoiBt^ bj the Isatltttte in lfS4 iaelmfi®a te its raport 
a fftfer fey Molph Jea»ea i2iJ #a .^epr sstatatif© Metboi 
to fra«tl©@.,," 1« s^ss 
Prior to tiae middle of the nineties of last 
oautury th@ represent at ire fsethoi was r&rsly 
aseu in practical statistics, but tm tb® i®-
cade round about the turn of tlis eeatary a 
not inoonsider^ible interest was b«ii^ taS:®» 
in t fie ai©tliot| • . • 
fw& fria©ifl«» ©f sanpl® s«leetioa w'®r® us®! 
sua iisemsaei in this periofi# t'ae wt&oi of ranioo s@l@o-
tion aai tfe« wstkod of furpoeiTs selection. In tk® mrim 
of th« ©OMltt## r^orts 
Tk# one principle Is chara0:t®riz«si by tiie 
faet ttost the unite whioto ar« to b« iii©lud«4 
in the saeipla are seleotei St rsaiooi. Ilitf 
nethod is only applicable wlier® the oiroua-
ataneaa make it possible to give evary siagl® 
unit an equal ebanco of inolusion in th® 
sa-ople* 
Th& &th0£ principle consists in tb© saiapl® 
beljig aai® up by piirposire seleetioa of groups 
of unitt wfaicli it ia presumed will gif# tk# 
.saapl# th# sa* ©haraoterlatieg aa tiao wbol®. 
» • fh@ mmk ^oint in tb« metnod [of ran-
ioa-EeleotioaJ lies in the diffioult i«s of 
earryijQg out in praotioo tfee atriet rmlos 
mMU ar# by tbe applioation of m© 
Mw# of Isrg# a«»bers» 
1 , • 
^ 3as4«oor IS!) attributts tte« term to Klaer. 
u 
last «ent#a0e ©f tbt ta imwQ t© 
wphsili© Itoftt ^«a m l«t® «a lit# %b® 0©imt»al©a, stlJl 
ffi©3f® tie hmlU 9t %%9 atetlsti©«ti jpi^ftasioa, fslt i®m!b%s of 
til® appllsslHitf ©f tfe# llitii «iElst«at thmwy ©f a®th®®ati©al 
statlstlos asipilag smtw^ym as w»« mrri9& 
&ut» 
Am afftaiix A of irsport, frof«s®©r a, £» 
Bowleg ( ? )  § & W 9  &  m t M m t i m & l  M m u m i Q n  ©f botl f^osive am 
rm4&m s«l®®tteii# fr#f«ssor l©wl«;r aTmmrizm him timings la 
r&^rA t© til# ©f tli® mtb&i &t pmrfoalT® sslsdtlGii In 
%h@ wm&ss 
It 1® @l®a7 titet tb#'S-tamdiiari itirimtlon ©f 
lb© SEfor ©f tb® rtsalt Is ia ©rilnsri' ©asas 
mrnirntm hj th9 f&teo ©f ttk® standax'i 
i#vlati0a for g3f©mp« to .tto® f©pmlall©B of 
sa«fl®l feyj aai fej 
%M mmhm ®f Cg»^8 ©fj 0l»#®yvstioas^, 
m%hm ttoam tit® ©©atr©ie «x«3fels»d lii far* 
p©alf« s@]l«®tloa« 
fMls mt&tmmt la «<|alT»3,«at to a ©oaieMat lea of par-
postv® ®«l9©tl.0B as.g, m% %h% tim It i»aa mrittm^ statiatlolsas 
tfeoaght ttot th® ®f tola fox-ttalft woal4 always hm soaller 
than tfe® "m", of tte® ©yror foif«ml» ftr if»aa©« 8®leetioii» fr©-. 
imum Bowlmy also ti®eiis«®i mmpling ia wui&^ tb@ 
saapliag «alt» w®**® allo©at®4 to tk® «s®pl« la propoirtlon to 
th® strata »ls®s. 
Im m l^ortaat fap«r.* lefaaa 140) suggostoi that th® 
16 
c . § l l a t 0 m l » ® i  t o  i t r a i l f y  t i i ®  
p©fmlatlOEL lata horaogeneous iml>-*p®pml».tlons .ft*©® ©aoto. of 
mhUh TMM^m ss»pl®s mnU ¥@ irwa,. rather tlim. s»-preile-
tora for lbs s#le©tioa ©f a saiple %y amitipl® r^rt^slou 
fts B©wl®|t hat, ©easlderei t# tbe ®SB®ae« af pmrpdslve s®-
Itetlon# la^ean was all© te »to» ttot la e^taln emfl®s tfe© 
mBBumBtlmm tb® latt» «#ttoi tei. wot in tmt 
%men iiat# 1® als-o largely ii«lJitshfi4 tbe ioifets eomeraing 
tfct af pits ability of yaai^#' s«pllng tfaoori- to actual sam-p-
llag fmotie#.| 0ff@@tlv@lj, nhmiMg that tti# "a'* of tfe® 
srro^ formula shanM to® tie of gsmto»ly ©hosesa grotipS' 
i'mr® calloi elmst^tra)-, .ratM? ttea, as fSTasrly smpposed. 
tte® iesgw^eat iaiilt.s» 
leF»a» appears mot to ka*« aotioei that tliia .tott#!- re­
sult tlae in tlfee error fommla ia pmrposiir® sgslto-
tion aai sliist®^^ ssfflfltag tieatlesl.. fli® ^®sm««<i sa.p«rlority 
of elust^'or sa«fliiig mmf liaT# arista froa the faot tlist tbo 
©ollatsx'al iafofttstiott 'Aiel was STailBtol® applisi oalf 
to r#la-tiT#l|r Isrg® mmits w&iofc mm» tak« as tb© sMpliag 
malts of f«a?-po»l"r« s#l®otioii» tet %h® strata of stratified 
sai^liag, fro® mhlQh m%m%m m of i®ii4oal;r otoos®, eliis-
ter.s of olemeata w«r® a^#et-e4. la ffaetioo tli-i® ttiioagh,, 
of ©our 0.0^ aot tli#0r@tl©«lly atee-sasryl the '**01" of rantoffi 
samples waa l&gm- thas tlmt im f-mrposif® s-aapl®#. 
M@ym& fe-rtlisr ab©w«a fe©« th® «fflolmc|' of a&opl® allo-
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resmlts of st-iail#s Mst# afptarti to a serine of ar-
tleles* ^Manssa aat Iwwlts i X 9 )  of tb® gi-omp preseatei a. 
t]p@mt»eat ,ef th® pr®p®i' all©esttoa ©f smi-ssfflfllaf lay me&m 
of til® iatara»©lsss eorrslstlon e©efficient, ela'bora^ted ^y 
lanrls  (20l».  fS3l)».  I2g)« 
lsii®#ii .8ai, laiwlti also iisemasei tb© i^ortaat prte-
•elpl# sf Ettaeliiag'to ©ael ssapllag salt a «!a@a@w© of 
aai mftktag tte.® saafliag frolaTiillty "for tfet glTaa 
@le«iit  prep-ortional to tb® ©f-8lg@. 
•fi* Collateral tafogttatim msei in. ggtigfttiom-* lia® 
as« ©f e#llat®rsl Inforaetlsa afeomt Ihs ©lememts of tk® 
popmJ^tlffla %& lapyoT® tb© ©f @stl»tes from 
saofles affeao's to fe® at l#a.Bt ms sit as th® Agrlcmltttral 
Mart0t|ag 3®rvlet of tb# y»lt®d States Bepart»aat of AgPl^ 
emltw®. It was, ma ts^. tb« praetie# to ssk tie respoii-. 
i®iita to r«f0rt erop ©omiltioas as a *%sre«Qtag® of aoraal" 
«ii4 fkm to estimt® ths yield fr©m aer®ag# data aai %or-
ml yift ias . .  "  I4i) .  
fb® ma@ ©f rati© eatlostas to r@iwtt errors la saap-
llag appasr#4 In tb# p©per hj imm mi aaeopaasy aait oa© 
fej Cofitosn til J# Ctehraa later llg) gave s ratb®r ©omplete 
ilsei^sioa ©f t^« me® of #0llat-ia'al iii£©rmstloa ia th® 
#atijtstlm proetdiire., mi. ©Oi^ar«t ttisse r©smite with tlios-® 
©•fetaiiaai toy tli® eollat^sl iiifor»tim for stratifl-
eatioa in .•oa®*4l«®aal@ii* 
so 
In bla iise-aasieo,, tt ts sapbaslitefi that tk,e us© of 
ooilateral ijjJori^tloa for tstl^tl^a f^^alres iidre re-
strtetlv© theses than Its mse for purposes Qt stratl-
ficatlom. Tbtts, Coetesa restrteta Ms dlsemsslen to 
estinates "isrlwd from the regrssslon of j on x'% Mter, 
in a ooiq>arisoii of tb® ©ffieleiiej &f tbes# ©stiiiatea witb 
©stiBiates iarivsQ from stratifiet a/a«f les», fee reaarkaj 
¥ ttl© atyatifiti swple estimttj is 
rfmi to fee S0.ffi0wbafc lest aeearat® thaa 
tlie lia^r regremsiea estimats 1|_ if th© 
trm® popmlstioii  r@gr®ssio» is  l iaear with 
_ : ©qmsl variaaees., , • if, 1iow#'?©i', tbe 
rslation fe«tw«en I ani x is jerkeflly 
cmrTlliaear or iiscontisaotts, Tgg b© 
superior to since tli6 fariatiea la Y 
arising from any typ# of releti©n with x 
0^ "be reiaeed by s smitsble eli®l©e of 
strata, whereas "fj_ elimlmtea. only tbe ef-
feet a of the l l i i»r eompta«at of t l is  re-
lati&fisiiip. lioreoTer, "^g is an Tiiiblas»4 
estimate for any typ® of^r®.latl©a "bstwsen 
I &ni ^  aai any aiat of aaiitl®. . • . 
It is perb&ps wertli olserviiig that tlie assm^tions 
mierlying regression ©stiiiatl©!! are ii^tical witti th© 
ttssuaptiona ttiiterlyiag pmrpoglve seleotiam aad %alaac©€ 
saB5>liBg. lnl®ywsii*s 140) woris: 
f'k© baaia hypotii®sis of tli® oetboi of 
fpurposlT® select ion Imlmt is called in 
tills thtsis balaiie#i aaffipliag, thoiigk it 
is trm© of Aat we are eall.tJig parposlTa 
stleetiom] is that th® nttBi&ers. Ctbe 
strata sieaiisl are oorr«latea witS Ike 
oomtr®! y^ and that tli« T&gt&mlm of 
on y^ la linear. 
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tbst th& prolatoiiity of tmlwim ©f 0aeli elemeat of th® 
unkaewa popmlati.oa Is laf«rrabl« fr©« th® probability of , 
tb@ «lea#Bts. of tfe# teiajm pofmlstioii.# 
(41 .flaslly,, 80«« cl«raet«^ tas -laltlal letter of 
smi®att«J thoagiit, to ¥e to th,® s^J©©t of lav®8tl-
g.atl0»,, can lb.® m8©t to ieslgmt® tbe s«fi® memtoera. 
» Ihe files is ' 
1- SmSSl* 
If a ssmpie Is fr®perly tra«m, aa ai®qmt« ©stlfflstlsa 
preeeiw® ©mpleytd^ ani if tii« ©©llfttsral lafor»tl'«a re-
garitag ta® fopmiatloa to l.@ sieflefl ia Halt@4 ta one 
Cilsertte 0«atl»mowj attrltemt«| tiie tbeai-y of tia@ ^eat 
pr©e@to@ Is glv«a ,iii tht elt«i to artlele {4»A|. 
fli'ls tliesla is not eeatera©# wltit tfais altmati®a, ritfeomgh 
a p^tlal tif®at»eat is giv«i la seetten tC| below to lead 
Imto ti® tresis pr#p0r.» mxt4 to form a toasis. fer latsr eo®-
parlson. 
Usmslly-,. of o©aps#» tfee o«llst«al info-rmatim^ while 
not ®atir#ly ae@mrat«,, lavolTes a of attributes of 
tfe© aampl®! p0fmlati0a» ffa® present thssls is lliiitea t® 
tli« mm®, of tw# o^llatiral attrifemtes, w%ma It la assame4 
fhat tb®' C6llat«eal ^-laforaattea, s© far as it goes. Is 
eoK'ect.. .fmrtfe«r, we will %« ooae.^ra## wlt'ii the eafloyraent 
gs 
of tb© aoll&tQjfsl iafOMatioa for frnrp®#-## ©f stratlfl-
©atien, tr@atlag oulf toilreotiy# 
If th® ©©Itoteral. Mi&Tmttm Is fcaowa ia oomplet© 
detail,'aoi if it\is mam for tke p«rp«a® of stratlfieatioa, 
,110 tfeaory Mjoiii tb@ ossas tr®at«a i& aostloa (CI it s«ea«a, 
atratifioatlQa l» &«Teral i.la«B»i«a» m® aiff«r-@B,t 
froa stratlfiestiom ia on©* ffeis oontraats aterply with, 
th® ms# ©f oellatersi iiif0r»tl0a for «sti»ti©a, in that 
tb® extaisiea froa one to «©r# auxiliary vsrlabl«s toTolTes 
t^© 0xt®iiioa-froa siop-l© %q smltiple rep-essioa# 
£•• IM tfatiig irotoltm sitmali.#ia> 
If stratificatioa is isset, a bot®! sitma.tim arises ia 
ease tb® @®aplet# p-ofalatl©ii iistrilmtlen of ^leisejifes is 
toowa a«jparat©ly iu mQh ®f tm eat@gort«s.» tot the Joiat 
p©pmlatloa distritemtiom is msteowa* TMis ait^tic® gaF® 
rise ts tlte ptresei:^ t*a«8lSif s© that it will, to® wortb wiiile 
to deserito® it ia 4®tatl« 
fto® Aissttsgiftfi b»r©aft«r r®f«a to tli® aiia©x«i table. 
fii@ tw-wsy tabl# is iBt«M®i to r®yr.®s«at s p©pmlatioa 
wbieb ia stratifl©i to two 4l«®iai®Bs ty two eriterl^ of 
stratifieatioa- ,i®t tber®' 1# E strata wbsa tk® first 
eriterisa of stratifteation is aleae eoa&il@rei, ana l®t 
there le C strata whm th% mmma ©rit^erioa of at rati fie at i©a 
£4 
Is alon® eoaal4®r®.i* ttaier teotb eritsrls,. tb© p©pml»tlon 
will toe aifiifid Int® IQ- strata* i»st the popmlati#a pro­
portion la the IJ'tfe mtmtw %b i«»ot«d Ijy By tfe© 
"4ot"- eoaTentiea {artiel® mrgiiml p@palatios 
taljle % 
Cellmlar Bistritemtlea #f tepm,la%t«» 
atratlftofi ija. two Bimensioas 
^11 ^^12 »li • »• • Hq »1. 
»E1 ^2g ^£3 # Pgo »g. 
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^11 %2 »fij 
» p 
^.3 « ' .4 * ^•0 
1 
propertions are tfeea denoted by p. for the l*tb row aafi p 
* •  •  3 
for til© J*tb. oolmn* Goasiier,, for the mooTOt, that all 
p jare toown-. te irawtng sat^les, • oonslier tbat 1J 
tke &r@.mlng Is tl} i-aafeo^ ill) with r^lae@®eiita> sni 
Si 
(till ttet all ®f ami' gtwm popmlatlea »trat«a lia¥:@ 
#qmal ©liffijoe of laclastoa. ia practle# JlJ ani (111! ar© • 
closely afpr©a:t»a%ei,, ami Itll la assawea here oiirely to- p©r-
«it th® ase^of tb® easier «toflalt« tfeeory" while bavlng a 
Isble 2 
Csllmlsr Distribution of Ssople iilewnts 
JkeBon from Two Blmesnsloaal Population 
®11 ^12 \3 m aiO °i. 




























^3 • "hj * . »10 
^.1 •# 0 # # n « ",G II 
negligible dffe#t M seat aaapllag sltmstlene* iay on® 
saapl# irawa fro» tMs popujlAtloa of table (1) by w.bat<rr©r 
metliot viH hair® a tlstflbiatloa lat® tM® c-ells of the cross 
.elasstfleation wkteb, la ple-tarei Im table izh* 
26 
Iia talsle |2|., m Is tli# &I z m  ©f Ih# a^l®* a Is tbm 
*1# 
lamm'btr of ©Iments fro» lb® q®11 of tii« erosa classi-
fiO'StlOB wklcit fell iato tli.e «-sfflfle» ani a. aafl a . are i* .J 
tbe xm sBi eolitaai totals r@sp©etiTelj. 
In. thm toserlbsft ttoere are fir© (at Isaat) 
dlatlaet lattbois of strati^iag tb.® p-ofialatton to proftmo® 






In t-b® fartfesr ilsemsBlea, tMes# wiH he referred to as 
atratlflQatiQB proe#imres» i'fasp©' spfli0abl@» tfesr® r©i«te8 
a fmrther tbr«©-f©li etouiet %n tb« emial0»«it of tb# »ai%l# 
freqmgnel#s 'f'te-ty m&j to©: 
{k) 4«©©pt©t as «stiE»t«s §f tti® f0pmlstl0a eell 
fr ©qmene l®» 
(B) fey least aqmaras or 'stiidrwls® and than 
msfiA as «stlfflat®s @f tb® p. ©r 
i J 
3a®pltag wttfe o©fflpl«t# stratlfleatt«m.i 
ijampllag -ttomfltt-elf at raaiow (Igaoriag at rat If i-
eatlOB') I 
Sampling ¥y stratifytjig om either ©rit'@ri©a' of 
stratifioatioa jamft igaoring tli® other); 
Eeplae^tag «aeb p tb@ proimet f f aai tfesEi 
i j  i-» • !  
sampling wttta. ©0apl@t® stratifi0atlo:a.| 
Beq.mlrlai ti® s«fl© mrglaal totals to fulfill 
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S0m.®wbat rorngb wajf,. aai It waa from this aisemsal©n tliat 
th,® |).r®s®iit tbesls i©Telopsi. lat«s (SIJ als® flisemasti tbe 
Im fBg:si3ag.» The- a0lmtim wM&k appears la part (II) 
of tk# tb«»ls la am &pproximt@ mt, aegj^totiasll^ falli^ 
As It l8 elosoly relstei t# the ehl-sfmr® problem Casa for 
th© mmm reas©B)- It apfaars tbat tii« aas|r^totl0 solution 
will be vaili In praetlce wtedaaver tbe s«fl@ slg© greatly 
@xea@is tbt -awbtr 9t strata, 
freqmeatljj. la praetlee. bmt ©as or %m sampling ®1«-. 
ffl@iit,a ar® ebos^i feoa ©acb stratmm* But l» this sltmtlsaa, 
%hm dlseusslGs of artl@I@ 14®-III b@l©w m tli@ basis of 
mme resmlts glT®a in WrlgM aiii lasrferfl I60}» Inaioate that 
th# fiferg'laal .eoBtr#l will tewe bmt llttl® effeot. fbls 
ilsemsslen la tmra r®ats qq tli« reaalt mhmu la srtlele I®-
II) ttot saaipliag plsm {II-IJ, wkleli is am ©:^t©2isloQ ©f a 
problem emsli«ret'by »«olag aai at«fkaa (1?) aat hj 
Smltfa tSO), em b® m&4 to p^'OTlt® a f.raetlcabl® aetbsa -of 
trawlng a sample for s«pllag plaa {f-4], or&yldei tke 
a.il^Bta^-t mix mm% &m Algamgaei b^ t,hmm amthers 
ia #arrl.©a gmt gritr to tb® saegllag* fb® r«iialBlag 
Bmpling pla,iia ar# dealt with ®oa@wbst aa«fflwiiy in part IIII)« 
C Stratlf teatioBL l» Cte^t-Blneoslsa 
1. Qmm ral» 
f h® theory of s t rat if lea t lorn In one-ilmansl0B applies. 
Z 9  
a@t Qulf la ess© a tiagl® eteraetair o-f tfe@ eleoenta of 11® 
pQfmlation is wei for 4®flaiag tb® tomt aXs© wb.®a-
0Ter aay amober of otoraetsrs sr@ as efflployti, jsrOTidsft 
oalj tbat ea©h «l©««nt of th® ptpml&tlom is asslgnet m« -
affltoigmously t© u itflalt® «0il» aat tfeat tb© oell prop©?-
tioas ar# kaom# 
iet th® p®pm1atioa fe@iag fm d®signat@fl fey 
y» fke ©Mraeter my'%m &%%h®T 4ls«ir@t# or TarlaW®* for 
Bany pwrposes, a iieeret® eliamot;®3? mmj to® stmiiti iftos® 
Talmes aar® limit#! to ©a® a»i g#r0-« fhia will l>® &ssao«i 
aoa®^ ani th® fartbsr aisemsai®a will ¥§ Gomhrni te tk# 
laagmga of Tsrlables. fh.« itsti'll-atloa of la tfee popm-
latiOQ ia hf l|^otii@sla matesm* 
Assbh# flirt it #r- ttet m th® %asla o-f O'tfeier eh«ira.et0i*-
lstl«s, tlia pdpmMttQB sm tlTti®a Into K gromps# 
®xai%le womM le a Aivlsiea ©f p#pm:tetla» of tte Baltei 
States into 48 strata «». tfee Mais #£ state ®f rest4«aee» 
or alttmat Ivtlf, a ilyiaidtt iat© aa arlsitrsry aaatoar ©f 
strata oa the %asls of aaaml laeoaa. JU#t to® tb« p0p«* 
latloa pr0p#rtl@a of ®letteat& to tk®' I* tli strstm-. flita 
I I 
It Is asawtt tk«t tii« ar© wltbomt orror, 
l»#t a "be tfeia f®pmis-tl®a a®aii of all jr la tlie IHh 
strata and hm ttos Tarlaae# of these T&lm^s. If tb® 
m 
gm&T&l la the p0|)m.lstl#» Is 'by a,. w@ h&vB 
IBi 
list 0^ a ss^l© of «l2® n ftrsm 1mm the p.®pmlati©a aat 
n^%Q the a.ia^eryof latlvtiaals firoa tbe l*tli stratiio that 
e®.ii© lato the saopl«* Btslgmt® "by 
tli® m%Bn ©f tto®s© y'wbi^jtoi eiit®.r tli« sampl# fmm the I'tfe 
strata®., mi toy 
i -^y^ (4) 
th@ gfieeral "mrnm. of tM® saapl#. 
•Assoeiate with ta©h of tbt X. strata a paraoeter 
flien.* « «stlMt« of the pdpmMtiea oean# a, oaa ha wrltt^i 
m 
(tii 
Iqwatisa {§) will reiT»® t® tqaatioa (4) iii the apeelal eas« 
i » ^  . 
i n 
la s®©tlon {B.I a mmher of aaaipling plaas are dt-
scrlhei, aes©«lattog ®,ii« of flT® stratlfleatton is-octitireS 
with Qm of thre® ©stiaatlSB pjeoae4ar«s» Im the 
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H@ae0, if fe.bls Is to %# as lisattty la tfet® we Mt© 
—i. • p {4)^ 
a I 
fax all strato, fhia ie». ©f eom?se, sinpl# 8tratlfieati®n 
with i^r0f®rti©aal a.ll®eatioa of 8ii»plimg @lt»«afs to tb© 
itff#r«nit strata., eo-ii^-ai'isoa, w« will a©®4 tfe© Tsrlsne.® 




12-1) |4-1) 14} 
•B£® 3 
•Bj mmltiflyiag ®mt 
Tfy)-!  |§)  
fienee 
Ci/J3 {6} 
will©.!'© is the •eor3r®:latioa in tlie popmlatlwa h&%mmen the 
ae&as of the I* th aafl 3*tli strata, 1® th© p&pmlati©ja 
staaia^i itFiatlen of saapl^s of fxom the l*tli strat».. 
Siao# 
V(y^) .  ^  C) 
w@ lie lag <4) 
, -1/E 
v(y) -  5 p/j  •  5 Vyj '"I'j'  
111 tbe 8p®sial —-tlifmga msml — esa® ^®r© all 
tSj rMti.Q( 
v(yi  -  5 s i \  
S» Qa.ga JI, 
If tte ©atiaafc® is .la this ess©., w« miiat 
fctsv# 




m iu Cas® I , this I If all * -0,} 
IJ 
• I" 
4« Gmg® iXI.» 
Ag&ta, for aa mal&lasei estimate, w« a^t bsTS 
34 
where new the expeotatloa is owqt n m well as 7* M© haT® 
1 Cy) « B iu y 
•  1 S I  y (£} 
nn y ry 
w 3 IX. a. 
an I 
« B a « a 
1 
sliioe aampllag is random* so tbat 
R  I n ^ }  • np^ {3) 
ThB d©rlvatl03a of th® Tariance of this tstloat© to follow 
la that glTsa by f l lfcs ibQ}* 
114 
sr^Cyja^U^ - B 1 
Desigaat® the lalddle tarai of the ahOTe equation h;/ It'> Then 
M» • 2 3 Ca - 1^)3 ^ Ci,-^J3 - 0 (6) 
n i " » y 1 1 
siBo© E (y.-a ) • 0, J t I 
ss 
as aaapllag: in each is zftndois# Call tlie . first t«r« 
oa th® rigM of (4) f*» Tbsft 
2 g 
»4 - g ' • -
f« « j| —^ 1 Ij.-a. I * -S 71^4 ).» tft) 
mBumiMg m is msml tb&t m© aaipls me&&8 for &mh pair of 
strata ar®., Goatiamiugt 
Call th« lest t tro of (4) i* # T& sTftlmt# L* , we ma® 
Mffieat g^eratisf fBii®ti©2is» ^ Lmt t b© Ike ««»©»! generat­
ing .fai»tt#o of 
a. (8 ) 
'Sh&m 
f « I l«3cpi £t -f|II 
-  Ctaxy) t  
wfeer® tb® pmr«tli®8©3 aremi sl^le l-®rffla laileat® coa-
tlau»t proimuts. Th& -sa^oatnt la fai*®itkta#s e&a 
aiTldei into two J ©He fr©# df febe b^, -ani oa® l&v&lriMg 
til® .a^, wbieb latttr ©aa h& with the r#Sf®©tiT® 
t@r«g Qf tb® l^iaoffilal expaasion t® glT®^ 
H b b  artlel® 
ta, 1 
"^ 1 ) f*C<#aq)l  -{-t l  Sj 
where the shlft^ to bajaefcats l» mm merely to osiphaslge that 
we ar® a© loager dealiag with a eemtlMad 
The acp®et®d valmt of «l* is th®a glTsa hy th# Tftlu® of 
th® first deriTOtife of f whea t'-O* W® haT® 
Hi li fit 
|f -ae"®* e ° ) " • ) 
n. 
-it (10) 
-a t  i t  H i  I V / /  
-a @ e I 
• f.a*l) « a 
•^ae ^ t^iPt^ 
• 1 •  f  -  s  •• 1  -• 1^ 0 {ID 
Btesmae of IlIJ, the falm® @f i* la gii'eii hj th© secoad 
aei-ivatlTe of ts) for t*#'« Bj tlff®f«attating {lO;,. %t@ get 
!•• - •y - 2 Si®i^ * a^-a^ 4 
1123 
JL r . iS« 
• n CSi«i - ] 
©ollsetiag tli« resmlts <iJ-, i f ) ,  mi tlEI 
Vly)-Ci t l 3 }  
•S. Qmm m* 
Aa Im Qm@ II, mnMasti- reqmir^s 
4,-TP-, • a. % 
for s psrti.«mM^ ®f tk® tbe vari^e# df ttie ©stl* 
mat® i will lb# glTea 
3iaea» la this eass,. saapliag ia »® will a©#i tfe® 
®:^eet®i r^ue' 9t iUl, w¥«r# tb® Sf® trai®. fro® a -aialti-
a«ittlal fbis #:%®et©i -rslme eaia %« i»t® 
M. a-Q-fi&mtm vmlats of easb ©f tb« K terma of 121# 
CoaslAfti- a tyfieal learii, say tfe® m'tfe* M'tdrfiiagly, th& 
aaamsti® eoaveatioa wtll a©t apply t& sm¥s@rlpt m «wm 
ttiotigto T^-pmtBg m&W9S&.l tiaea 'Is ob@ tsyn* ^a.otjyttg tk© 
Talii@a ®f tbis W Wimi-, w© ^laav® 
2 "^4 is)  
-ta -0 to a] aiila WV ttj 
^V»uiirF%nHHT-
m 
wkem p®rmtMs#s are plsesi on ta to aroli eonfttslOB 
with the sma^tloa eonveatioa esploytog eteiatoff®! syAels., 
We kaV'© @«parat©t t&®'smamtloa-OTsir all ptasibl® sete of 
^Isto tw0|: first, tke mnmamtlm OTer all otk#rs for a 
flxst a mm4 tbm the .smwatl^u tftir a • fh® secant sm-
m m 
iiati#a Is pi-wiatiy tht f&rm &t th.® omltlnoalsl dtstrthmtioa 
of ail t^arae oth®f thi®- Mmc#, 
- % ia-n^l 
VM-Ln^-o to n] ,> q« tSi 
m ai " 
whare q •i-t • 
ma 
l»aiaatl©,ii of foramla i S i  w i l l  m h m  that it is the 
«rltte» oat for» of %e #.x5-©et#4 Taltt® #f 
% ?lm| 
• »m' •• 
wh@r« a to a hla©saisl fa^iate with ftigasaey p ia samples 
* m 
of m*' l%is freeist has hmm stmiiei bj fr»4erick f* 
Stsphaa {Sg|- for ms« is this aafl dthsr eomaetioBB. wrm 
tSi.» it is mn that If n «0, the fmria»«'ls iafiait®# in 
u 
-pmc'ttm this r^lly mssai that b© ©gtimt© is pessihle-. 
iher-efor®.» we will ha-r^ l«s 2»«st.ri«t rariatita ia t© 
Taltt«s «f m&. or &here.m ©alls this a ••'positiw 
B^cnsttlliam variati''*' 0mr iiaamssloa will »ssaa» 
this r®stricti#a« Strietly sfSftMiag, thtia,. CSl amst h« 
^r«lia®4 hi- ilwl&im hy the f&0tm tl-f®). fhis is tea® 
(. 
by It ioes mot give a ©losefi- formmla fer ('2|, 
'but a eoirr®al«at faete-rial, m-gmBmim for salemlsttog <S) 
for pafftlemls-ir Tsimss of aai m 
eO'Ofmtsi 1 (j) tm M a*100, and ItoJ a«1.000» 
jp»0»i« la la I tti-ts-e is a less Qt lafer»atl®s of sJomt iz 
per mmt aai In ill a l®si ©f ah#mt 11 f« ©ent. 
^Ssiiplijag tl# pyfi©«twe of e-ss© If might ¥.# stoptei 
ia a sitmaiitB iteei'e w® li^¥» iitf©laati on of tb© valma o-f 
tbs ar« wioertsiB, ®f ft-eix aeeia'sej. l.f *•© iesii# 
to tsi.® s mat®® s«epl#. to Ghmt Mt t® use tfe@ 
f©r tk« esttoatiom tbsy© will q& tfe# av@e»g© to® 
a Itsa of .&hm.t 10 per o#iit 4a .ffees©- «8s«s ia wiiieh the 
" sr® ia fs©t jmAgimg "fej stefliaa*® ©xamijl^-* 
Xt^sii#ml4 to® ®b»«3rr®i tlat St^j^liaa.'s .rssmlts sf# ap-
pjp®priat@, in tk# teaiga 9i my smt&y in Ai«lt. tke p©pmlati©m 
paria#t«rs ar© to@«n *itfe smffi^ieat aee^rsey# 
f® s®a«r® a jSora t&T C3l Aieb will p-trait gmmta.1 
S'ta|'®oeats, (g| &m 'toe 4®T©lopei ia a series 1» iiiT®rs® 
pQwexs ©f n* As ©mr r-enark:^ will 1# ooa£i»a to- larg® 
»s®pl@s,. we will r^l&e# ^«- a«rasliziiif faetoi- l-*g® fey 
40 
ts)  can lma©€lately %e TBrnrmmgm to glF®' 
r 1 -1 Innl" '"-ga^n •>! 
P T(n) 
-|jj_ "3 •fo^-fljl iri-n^i! Sh \ 
•,../ . /• <H-a. ) , 
[n^-X to a] (tt^»!)! (k-nJX 'u «„ ° 
TM iirst &xptmBi.m. r-^re^eiitB a Iblaomlal expsas-i©!! 
f@r iti ftrst asa. last -t^ms wbiefe w# &if« a® 
a®gligil>l.#« fli© Mmmi t-ara, esa "be fflaatpmlstti Imst as (Si 
was* fler® rtamlts 
•  f { u i  *  i m t m B  of invars® powers 
• J (n+s)\n*l) 
• ®f »•• 
th.®-•tt«a©«iiiat#ra im g©:ei«s tlila glir@s^ 
P V(u) \  
' —B.m, * 1431 * ©tlt@r t#rffis» 
n n-
ftols iefdlopatat w&a ©ar3?l#i tW-mgU far s ^rtiem-iair 




wb«r@ ¥<taiiestas tbat %hm resmlt Is m artragt Talue, 
wberass ¥fi.| rsferg t# fl:E,®i toIws ©f fee 
41 
fsrwals {4) is gifea --tea tlfforeat ajtatlon —» fey 
G.o0bra« wltteamt itrlTOtlea <12]3-, Mis iisemsslea of tli« 
relative aiTaatag® di th# fjoe^einr® of Cms® If is Talmabl©.# 
6# goaoar iaoa M :oj3.a-AlaaaalQaal stxatlflnatloa jcaamlts. 
file rasmlts obtaiaet &bow^ ia eseb of the fo«r eas®s 
oaa bromght WgethmT t© faellltst® eoap-arisoas# 
la ori.@ri. tti© faaflaases of @8tl«t©s tfetslB«a la @mh of tto# 
ti3mt emsea s?®i 
ems# I; C9-2J 
Oas® III (3-3) 
i 
Css© IHi ?Cy|« i p ¥, >1 p {13-4). 
a -^i I a '*^i • i 
_______ 1 1 -S" ^ 4 §a®.s Ifs fTrr^ ~ ip^f I 11-1) if -r-
• ^ XI 
io tlie a®j*lTatioB of aese resmlts, tfea p©pmlatio.a para-
met'ers sr® assm^d %q %e Kmm ®xaetly. la a&kliig a ©lioi©® 
of a B^ipltag pFoe«ss, this fast mast he tora® ia hiIhA* 
«b®n tm pai-ameters are known «»etly» Cms© I eaanot 
fail to i»© at Immt as ©f fie teat as B&mpltng wholly at ran-
do®, M,d will b® aarfcatly o#ir® wkmewew tbt 
" •• i" ' 
A t#riirati®ii e^ltettly trm ef tb@ rastrictl^s t© 
p0sitlT© Tslm®s of a was given, la a persoml ©»«miilemtio»t 
t0 tbe wrlt^» 
stratlfleatto i» a Imgm leMmtlm ta tto.® svarag# 
, mless all a. mm #t»l» • 
IM %hQ mm® #ir©m«staiiees, Cas« II ©amot fail t@ 
@qml fe) Gas® I B.M will 8mp«ftor la frtportlsa t.o tbe 
atsftrsion la fm T^. fa® iiattaetlom fe®."tw«®ii ©ptiawa allo-
Q&tlm »6©orll»g t#^Isy».ii mi se©o^4tog t& aahalsartls was 
f®lat©i ®mt ta srttel# <4A.I« 
^ 0atQ III T^T@amts m amlysls ©f t!i© a«®^limg 
rssalts aai allows that tlia tiff«r«,ee» firoa tke p,r#p#rtioiial 
®a.^ltag ifissmlt fOas# il aflsts ajl®ly thmmgk tb© agme^r of 
tile ils-fersloa la-sml--strats fl® r®»mlt woala app«ar 
to liaf« fiigialfiea«8«. ill r®latl®,a t@ r-^^e»t@4 B^flimgs from 
a p0|fmlatl0a statist teal ©©at'i-©!'*. In aiea ®as®0, a 
a«ip-l« obtala®i Im feat©b.»s at ilff«eat ttmm Is aqmlvalist 
t& a siaipl® #lltsia#4 from tk# *]fc@l©» OptlaoB allo-
©atloa I0aa:@ Hi ta still avL^mlm t# Tmi&m sMpllag 
(Gs©® III) ml®sa tb« .f| »« all ©qml. Ifiate 3&st s®n-
t«Be@, as well as tfa®. ;®®r'y-®tptmil»g «arll«r .©a®, womlt 1j© 
Tltlat»fl,' toy Jmst tH® rifbt twm&tlmU. It Is .eonewtet 
re-MtfjEabl® «t fteat aight 'tfeat Case III 1® %hQ only oa© la 
wbleb the tlsfsrsl« la Btmtm tt«»s affseta tkm Tarlaao© 
©f til# sa«fl# aatl«»t®# 
Gss® If Is mflS'Ml eb.l®fly la laileattog m. obJeetlT® 
rnmmwem Mr ¥als»eiBg tfe« aff'«t ©la seemraey of l^oxlBg 
liif©r»tl0B ©a stirata *«aas, vmrtsaees atai mutfrefa. Is 
43 
pyac'tlo#, ao m@ ©f tii® thrm la toown, ®s»etly» with a re-
smltteg teaptatlea t© smaple at raatoa, If^asafltog la 
ran4o«., ®xs#t p'©jp.iajtti®ii pr'0f@rtl0BS, 
forml® i^-S) iait©itt#3 tli@ ios« .@f ac©iff"aey as ^agalnst 
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Will hM tbe iJHl strata® p©pmlsti©a wBtimm 
IS) 




>j or «ay im% © ©a slant fyoa t^plli^ to samf' wti®r@ t 
Hag, As iM thQ Qm*&lmmBlmml ©ass., I4| is a sp@olal 
o a s e  o f  < § ) •  . . .  
M @»aiaatloa -of tfe® ©aap-lteg flaas eoapar^fl ta ar-
tiel« ISC) will itsc-l®8€ that tie fsiriaaQ® of mm® of ths 
©St last«s 4#p.#a€i oa-falm#s «f Imilvltml »©,A#rs sf ,tfe® 
p0fmlati0a, ©xe®pt iagofa.ip as tfe#a.e^ f almss igterola® tfe® 
oaaas-^i mrlaB«#a of tli« atmtm* la this say, eaa 
laa-abl® fommlas t&T %"m vs?S&iia« a,trivet. 
It will fee Impoytaat to a Mo* tkat s$T@ml s&hmm of 
two^-ila^alenal saapliag foasess "tbls saa® pi-opt^ty* • fsr 
tMs fwpest# t«o gsneral tbe-orsas »:^x@sst^g saffleltat e®-
ditioBS for this rwmlt ar® gl'¥«a. ffeat tli® tfeQor®as Bfplf 
to sampling plan, If-'A) aai is In lateie stetioaa. 
2.- si£steiam« 
m 
ML If m t;3tea aifllis tt® 
eoMltlosej 
01 «.« »»*.« «4 
ii f i .  J-f_ C£| 
i iJ 
wfe®,lf@ ths f mrm «.f Talaea tfe«, » tfc«B 
ij • • 
•  131 
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M i A ) m  
Th@ pr&of Is Imaietlale.-
'fheegea i3h Matme 'tb& tw© ©oiiiltisas of tbtoi*#® (Ah 
Thm As varlmet of € Is a fmetl#® ©f tlit 
strata a®®®, variyt»e» anl &$w&Time@ep mi of tb@ sample 
nutOim's* In. partlemlay., th© mrlaasfl Is ImiBpemimt of th® 
raXm&B of SallTliual ®l«»eats -©f tbe f#pmlalloa» fhe pr&Qf 
will eoasist la Ateiniag tfea fom of tb€ varlsao®'# 
Call tfeif' fiyst tai-a on tb® rlgkt Iftat site uf (8| F» Then 
Viii 'M fi-Al 
«1 
la )  
^"1 I 
_ _ ij 
-« a.  ,d jy,  Sy, .  a^; 
t kk Ij ^  
ti)  
" 4S 
wMer® repr0s.«its tb® eorr®latioa l5et»g#n »©aas 0f 
ac 
aanples ©f slg® a^j froai tb© tj*'tk stratea m€ ®f slz® 
froo-'fli© strafea*- By l»8p®e%loa, f is'stea to- tie fst® 
of thtt.Talme-s-of teitrltmal to the popmlattaa* 
,;0.all ft.# of tb# ylgfet-baal Mit@ of {8| 
!• Tbe-Q 
*—2i.{A.4.,l, J 1 i, J • 0 . 110) 4 ij S.J y i;i xj 
b@0.s«a0 of CI). 
Call til®- tblri t-«fro' qm tb# rlgte.t-biei- ali® ©f 18 J !»-* 
flioa • ' 
A ill! 
a -iJ . -
ani hm^® is fy«® ®f fe-« vmlmm •©£ y to tit® p^pmlatlom ant 




whermm ' l/fe m li^ic-,. 
to. 
e-» 1 a -11 » , tli) 
4f 
tii«a 
f T 9 0 t -
Bat 





A 13 l| 
1 
i 
f*! t .Y{i, J (If) 
i. « ^-3 
-
^ iJ « J. *  ¥ rial  
n 2 ij 
ij • tj 
M a, J"" {£2) 
a l| l.J ^1| 
4, y a, ,*a 
tj t| ^ 11 U 
Smtost-itatJjig- tS-Cl* f21J aai fSiJ i» ill I w® bsTs iBU), 
KeamB .gmfl yariaaee te clisua.' 
la s»pltag plsB If^A), a sampl® of slg® a is d^awa 
fr0o tto® |>©palatl@a of taW« 111, s««ti&a safejeet 
se 
to' tk® rmtiel&tlmm 
•• 
•fles® #q»ti#as aet all iMep«iii^t sine© 
(31 
f ls  nw^mr ^ lai®f«d#at mm&lttma m tit® tleaents -eC m® 
saapl.0 afislug tmrn 11} asi IE) Is thas 
The sfeetflcatiaa im ti) ami t2} tk# 
ssapllag' Is rftiiioa 
y l|k • iJ 
froo ©qmstien 12-1), a©ag»qm:«atly 
f i ,  J-a ,  IS) y y Ij 
Wmt%&x frott t&e Sf «©tfl0ati#a of sMpltog plaa,' tlia 
#feoi0s ©f aai' ti«n©# tto.eij' ea^«et«i wmkm^; 
art ln.t@f#jid©2i$ &t wAmm- &t y ia tk® pOfmlatlOB, m ia 
the sa«fl«, H®a#« 
1 IS) 
•4 tj i| 
Mo'r#ov®x» th.« aj)pifQ]priat« aampl® mstlmmte M this ©air# is 
4 (?) 
SI 
Applylttf Ia) aai (B) of Ii), 
n , .  _  
stae# w« Mwm- y#t t-o 4#t«3rate© ia s«fliag plan. (¥-1) 
the ssiiipl® e-@Xl »« miA^ias®:!., and 
•• i 9 l  
wh®r« f aai £ @m tb® ©f oteraet-er fetlag 
sampl.si f#r &mlj tlpsmgii tb« aeltm of the ^tiala ©ems.attd. 
•wmimmem^ Isete 4«feai-8 ©a tlit vsime of •&© 
strata' amobtra, s® that thin «xpeet»i Taltt® wi'll b@ rsQulrsa 
t0 ais-o0T©r tii©ir foi-as. 
of the 
lqmati©ii 19*3) Iti® fact tlist -^s Tar lane® &t 
tit® sa^l® esti«st0,» y, of 3a«plljag tlsa {f-4j i^enig om 
til© f-alttee of tla« sm^Xb eetl amib-«rs a^^ ,.'Wlilch Ijy 
(•6-S) ST® e.b©s«tt wlttetttt 'rtgaM te tfe« ¥alm«a «tf tM« e-bai*-
setsy ^«ljig SMpl«4 iQw* fto© ^o^3.#b of i-®t®rfflteJag tfe# 
4lstr4i>iitl#a #£ til-#-.a-^i 'smtojeat t® Itetai' reatrlotioiae IJL-S) 
aiii Ig-S) is soo«wliat miml&g&m to Karl leaifg.®ii*s frotol« 
of i.ot.^ratatog th« itstjrl¥-ttti©is af oMi»»qmir@, 
iflt tfe« y®at:rlotloas ii-3i aai J£-31 1® Igmertd &r 
tfe« ©.©ttfiit. l.fe® tb« allooatloa ©f msmfcars of .sample 
SB 
t© ft© cells .of tlie f0palatloa l» :rep6at®i s&!n:illn will 
fellow tbe amltiaeatsl ilstrifeia,tlo.a. 
a 
'F IJ i j '  (1) 
whBTm tl3®• sBwiBtlta sad preimdts ®acteM mm all sueb 
tiiat Ift. mm^ the. gestrio tloias m tbt ssraple allo-
oatiem glf«i tl«-SI aai fS-31 mm tfe® dlst^rl-
^atloB fw»tl0a f©!- th« will •'4lff©j" tmm III Im two 
w&jB* fli-at, all t#»s of 111 wli,leM fl©lat« eltber (l»3l 
or (E-SI will QmmmA, t^mk sarrlTlag t@r® ©f 
f l l  w i l l  fc© &lt«j«i -tiily %y a faet©? ^a^st'sat for Tari,atl©n® 
te tfr® m,. <but mt la tte« a la othmr words, li , *3 , • • 
Hi w'lll ii-® rftflst-ti If t'm o«4ltlofi&l ilstrttemtisa of th® 
l^| @«M11 lon  ^ l«fos®4* This is 
TT^ij 12) 
wMtb the smwtlem t« m@s t&#sd t^ms s^tlsfylag fl-lj 
aad C2*IJ ant £* is s aeraslial^ ©oastrnt wfaisk is a fune-
tloB' of all tb# 11^^ md, net ©f me Ifet gmeral 
term of (2) eau r«i as 
• »4 4 5 




ia the ©^©etei miae of la tb® fall Bultinoalal ils» 
trIfent i oa. ^ outInuiag 
s »  1 1  ( 5 )  f • ...AS,.;., -.y 
«• -an,, 1-3 e m; 
low. It Is well kmowa that 
a Q ^ -l/s 
,y, ,„ , ,  -  JLAIZMI-.  Cl-^oi ia  1]  16)  
n.4 41 • J, 
"ijl ^1| 
ih®r@ 0 mmiB term of ori®r ro, to the aiams one-
balf. fro® (4) It la s©@» that tliea® terms tenfi to zero as 
u tents  to  tnf lmltsr* Using (6l  w« eaa write  t i l  as  
I'K" (Bjgi) - ! tj-"li) (7) 
° 
whQTQ the fiiml toraei^et la k6} ia replaced by malts^. .Henee, 
la the gu'bse-qtteiit ilsemsal^a., omr resmlts ar® aalj 
aasymptotleally Tali4. In th® fixpenent, has hmn writ-
ton for n. .t sines w@ am want to eoiastisr it as a coa-%3 
tinmm varlate# 
Ixpresaloa i7} represents tk© traasforiiatioa of just 
one term i2)» The aummtlon Ixi tgj s«l)J©ot to tl-31 siit. 
(E-31 eorresponfla to wi Integration over a suitable region 
54 
so t'imt tli0- lat«gra3. t&rm of t'te resmlt %mmBB 
" A, tte. .1 18) y i| 
wbare the lateral is oTer'tli® y«glOii a 4®t#rfiiB©a (1-S) 
and lE-31 a»d K is a iiori»ligimg eonatsat. 
6* Biatfilatlom f mat lea for two W fm tsble* 
l%® ijitagratiojQ of <8-41 over fa® regloa B is smffiei-
ently lET©lf-«d to »tk© a preliotoafy 'aisemsBlon. of th.® 
s implest  ©xaopl© of  a  t»  fey two ta'bl© prof i table ,  tafe le  (3)  
steowB a populfetion iiTii®4 isto fo«r ©ells, Tl® ar# 
«abla -S 






».i f.s 1 
thm popmlatioii mmms o£ y» tk# efearaeter toeiag »iwpl©t for* 
Tie are the piroportloiiB in tk® total pspmlation. appropri-
at® to til® seTsral e«lls, j[a table 141-» is the meam of 
tb© tltaeats 4»wa iato the saaple &©« th® ij^'tb eell,- and 
§s . 
n ts tb@ ©f tato tb® sampl# from 
*3 
tlio ij*tk e.®ll.. At la tl© fatl«r« of tb© to always to® 
proportlottttl to tfa« fin rtpeatei sa®plii]« ttot glvm 
2fia@ to !*• 
fall# 4 







M ttois sitmtl0B 18-4 J t@©#m«s 
>2 (^^3", iilAi 
'^13' UJ 
mhetB i aai J tafc© oa tba Tsl.a@» i aai g, K* is. a 00nstaat 
of lategratlsa mi. all ot.Mer Mav© liesm prwiomslj 
A©flB®d« !i%s e^matloas tl»Si aai lg-3) ate them 
"11""IS - ®x. 
°21«22 " »2. 
- " , 1  
a ^ » ffl „ 
^12 g2 
( 2 )  
la tmma of i: ttols is 
* ®£. ^12'*^22 * \2 
tttt 
Itl' &ea 
1,'j, » • X a ' a iJ IJ i| 
» «1. '^ll'^El • ®.l 
- "g. - •«.: 
aai tha yestrie1;i#as l»©c©tt« 
» m _ <• m „ *0 
*« «• *1 *2 
Gfe©ostag m ,,••« m„ ani a» a®w vairlsblts -of' iat®-
•gratt©!!, we g®t from tSI 
 ^ aMtH- .alia  ^%% 
"2.^82 "sl^g. "22 
'h.2-«.£-®E2 »g2-»»J 
ff©® If J tl® ®xp@a@ttt ia tl-l 
• ^ 2 
®ij ®13 g' 
«U ®a ®g2 
["s * "k' sii' i] 
87 
84-11 »u "18 'id 
where U la a foactlon of u, , a„ , and a „ aioTe. i.e.. Is i# id* •6 " 
£r@a of if we pmt 
«iil 
ffctsBi 18) "beeomes 
wliert 
imilill iii.H'iMlliriMt  ^  ^ 1^1 
®ll - ®21 "l2 ®22 
p r- --*•?•. - »  — -  i l O J  
®ii ®ii ®a.E is 
E • 
IB • ge w y 
• 111! 
. B«ui» s_ u„ •' sfj- 4 •« 
" '•^22 j,2 S2 -4^ ^ 
p« i i2^ 
B® 
is t£%& oi lif$pp,tiif tk® aerift #a as no 
loagtif Bteessa^y, aafi 'O&iut- tls)* ( B l  beeomes 
im-xp) f-l/g (m* le^) f-l/gl')Ciu) Usi 
wlitr® tim) Is a pi-otniet of tti« a«w •ti'fftjramtl&ls-. f»o 
eqmtioas (i) it Is »®ea ttet all varlitbles rsngt. fro® 
miMMs taflmlty'to-f Ima Jtefiaity# fh& iat-egfsai lit Hi I eg®. . 
%9 faet-oi-td iat© twQ, «a@ tsffilTtaf m -sai oa# fi-## of 
&8' 
fa® iatt« ess tlieii 'be iselttiei iii ooBstsnt of iat®-' 
gratiOB by f6)* 
ttttttng 
W® g®t for llg) 
• g g 
A«c«yi®^) ( -  ia  • a§)  
'Ivftlmtioja &f J. ^  In© ^ 
f]r©» it is- at -©ne® tliat 
l l s l -0  a)  
frdffl tM-Si it 'follows ttet 
Sm»9 ( Z l  
sin©® 1, Is a b#TO-g®a#oms lta«a.r unati^a af the mmglmml m's-
wfetieb asm ©a©h ®^mal %& a®T©> aat is aot aero* 
Iron I4.-S-I -
« Hi' '3' 
la t^'Bs #f Hij aa-i tlis Is 
, 1 U) 




Qorallmty {IIJ ©f IB) ts mm m& 
^ ^  I '"13^*13'^^ '®^ 
•waer® i aai | g-aefe t«i:« tfe© Tallies 1 fana E* let -m 
sirapllfjr thm fej fatting 
fh«a 
Bmt Isy tM® »]rgliasl eootitloiis fS-S) tb® 'last thr@« t&em 
are aar©* fmrtlier from if] 1 1® mm tx-c^t tm ij -
fber©f0r«» 
-<101 
wh@r© we 'have 0sltt#4 tb® fiomtol® ••sa'bsoript oa th@ ri^t 
bans aii© as n© longer necessary.. Vrm fs) (10| aai <15-§) 
I,,»,.'S| -1^) Az 111) 
l©w » Is a bo»©g@ise6ms liii«»r .for®'la m - , -a , and m » 
«'X 
.iteea ia 111) is ®x»r«ss'®i ia t-^as- of m tber® will hm 
thT®& iat©grsls r®»mltlsg, hut the last tm will amlti-
fllei 21 and r@sp#€tiT#ly* laa'O© 1. retesi finally t© 
as Ci2| 
m 
tMa imtegral is merely tk@..?sriaat}8 of z, so tMt mm 
f iaally get 
« g 
b f  - 1  
* IM 
r®pte©4B.g P Its mlm# £r®« (f i» If in llSi #aofe » is 
w 
r@fla©®ii »f , fflfti 1 ii itssi t© iaileste ttei® ^wmmlQ 
meaa ©f the f., <lSi b«®«0S 3.5 
A - ^  ( 1 4 )  
•g its g:^r«ssi©a ia ttras of ttee ay hj 1?^, ot r 
this 1 
A» Sm> la »,'•st^ 1 (is) 
m 11 IZ gl 22 
tfeis resmlt illmstrstts a xm&itk. hy Wilks (58) relative 
to tb@ general'e-ast,, tbat'if tlie f©-pmlR-ti©a cell wtaiis of 
tb« ebaraQt.tr "toting saffipiei f©r bav® gsr® '"iat'«raetioii'% thm 
eoatritomtioa to tM aeaa aqmares ©f y iu® to igaorame of 
tli« a«ll l^®q^^j!0a0i#s ie gtro; i. s* » margisial stratif leatlom 
la as sfflei«nt eg sti?stifi©«.tl©a» 
?-»' 6eae.r»l Aiatgi¥mti®a jBaottom* 
Mqm%l0m |-9*4i giT#® th# iistrl%mti@» #f ssis^l® cell 
nmrt'srs^ for ssi^'ling plan If-IK 'Shm itsfs t« %© followed 
ia th« rsAwstioa @f' this integral will parallel emetly ttaos# 
SI 
folio*®!/ iM th« slapl©!- -ma® itsemsaet la arttel®s {S| aai 
Cal .  
Mt . 
,wli-«e i rmg«s tT-m 1 t« 1# aai | i'&ag.«s -fr'oa 1 to ffe«a 
n, la tlia mm of th.# . to tiie I'tto row, ani a , is th© I#- ij , •3 
su. Of th« ta th. 3'th 001^. She ra.trlctW il-a) 
ami 12-Sl hm&mm 
aai 
m. •% (g) 
m.4 -0# ' (S) 3* 
1 latroia®# as aew faria:&i®s of latdgratlsm 
v - V .  
togsthtfif-wltli « , wM0X'0 i wmgm tw&m 1 to E*, aai 4 
ranges fyoa I §*• £-0t 
\o ' "1. - \i - \£ - \3- ^0* 




• l-l, &«« iSA-Ih. 
62 
ffwttheT^f l«t  
^isx - • -'^*1 
%& \£ - \Z - - "82 - ' * 
16)  
'KO*- ".O*- \e»- 'as*- ®B*O* 
flaally» l®t 
»B0 ' ®H1 -
(6)  
• * ®Ei * •  *  *  *  *  
Islag C4|., l&i ami i6l tli© t^oaent la l#*S) ^e0Onei 
I,,.„ • ,l.^yl,„l, + l|lm, 
"l| ®i4 • 
'^3'®.r^r"2j /"aj 
®21* • * • ^^'0*1^/ 
.L».IJ..iL-: 1 [—i— # -_lii... * —1L«, * —3S»»-3 
Hs ^ 





•2  Uljf i j 'g .  
wliere tli® f, ^  ar© llaear "h.ow>g«a»omi fmotiona of tb® aar-IJ 
glnal totals sad g Is a qmadratla hooogeneoms fmotlon of 
tli@s® totals, Ae.eordiiiglj, 
f . A n ,  ;  m .1  «  0  (9)  ij l». *5 
g  { m j _ ^  ^ •  0 ,  ( 1 0 1  
wttsaeTer ©q^jstions {El ani i'Sl liolfi* 
Th€ left-hand aide of @qm%lon (8 J is visibly a stua of 
squares aat tti©r@for« repretsents an n - iiaensloaal ©lllp-
aoia (the li are, of oomrse, all posltiveJ. fmrthier, tb® 
rlght-bana side la ototaiasa hy the noa-singmlar transfor­
mation repr®s«iit0a lay the set .of «qi;»tlOBS (41 {6) anfl i6)* 
ffaarefore, tb© rigbt-liaM sl4«, efmeldored as. a qmdretle 
for® la the and u ^.Is a noa-slngiilar pos.iti¥© 
aoflnlt© form of raaE 10 (sliwe t'm left-baad ®li@ Is known 
to t) Q of rank SO J • . - . 
Tlae f^j and g axe eoii@tan.ts with r«g.ari to tb@ 
where i ranges mp to 1*, aaS J a|> to C*, Iba right-toant sia© 
of (8), consia®re4 as a form In the first ^lj» contains 
first as well as aseoni powers, fo ©litalaat© these, set 
where the h^j are to "bs'ao i«ter«lned that the quafiratla form 
64 
im z is fft# of liaear %mmB* 9tom CS|, tb@ will be 
'to»gta®©m0 fioaatisms ®f tti® and fiortbear,, tr.m tht 
thftory of aaalyties of spae®, qmirstie Mm. in the 
win h-swB the ®«® eo«ffiel®iits sa ,glT@a 'bf (8) fer tbt 
tm4r»ti© t«a» .ia trie liaally 
.tonev« the s«e tMng la tr« of the b«,a™e then aU 
tli@ ar» sa.r©y for thm &r» ..fctaog-taeoms .funet.ioas of 
tfae f.y.» wliel in tmra ar® f^mtlmu of th# 
and m^j, wliisb % j  I E )  , a a i , t  1 1 1  mm thm asro. 
for tesFltf., pmt 
 ^ m wrolnnir • -.Awn * T-nl^ ia .mr^ .i,,.. i l3 1 
i| »|j ^ w^Q f.gj igg, . . ., 
® € * y""'"'  ^ •"Ai T.II f 14: } 
i »iC »10 
o » --i,« —i» (iljl 
' ^ %l • %e 
f.*t ari— fl6| 
•M-
aiai f&r 8.tttt.li,©ity, defia® if «ltk«r .4.«S,.. qt 
ami itflae » 0 ana sq * Q» ffe©»j,. ia teras of the g ij" 
and tli0a« abtesTlatieos., iQi toeso«ea 
. 1 i$ii! 
-  I  »ij '  BtJ/hl  U?)  
66 
• a, 
wlier« § is a fmrntlea of tlio larginal total# u sua m , i .»  « j  
wfeleM Is zero wMn all raarglaal tQt&ls' ajf« mbtq* Omr pro* 
¥l@ffl IbtoIt®® tMs eo»4ltl0ii, so timt if 2 ieslgnatts the 
fflftti'lx of tbs qmaflratte 'la, Iraees Im <1?|,. tli« jotat 
ii*G*-f©lt ilsti-fbtttisn ©f tie ta 
wb@re £ is a ©©astajat" ototaiaei aftei" setting all u aai 4* 
m . ©tqaal' to ^tr®, asi is aijmstei to mQTmlim 1181# ?li® 
iatiegral Im 'fi^C^-felt., eaeb i faages fr®ii aiaas t© plag te-
finity I. from ®^mati#as I4» §J aai |.6l ami s'* Is tlie tr&mpm® 
of 2^ wiiare z is .a:;<iolmia Ttet®!- of ii*C* ®l®aeiits» • 
8» Si»lif i8ati#a'>.of mmm aai mtiemm*-
IhB laiaa ami -rariane® ®f s-a^S.® esti»t@s usiag saaapllag 
plaii'tf-i'J sr® glvea la as'tiel# I3j« fbe r©smlta Qt artiole 
171 will «mbl« a siapltfleatloa of ttoae expressions* fr-0« 
ClS-f)., the s«!^l@ etll pro^®rti#as ar® imllasti ®8tl-
mates ®f ta® p-apmlatl©a e«ll profortiea® for i ranging 
mp to B*, aad | smgiMg nf to Bmt fr« mqwatioas 
(6-?J, it tto.si f»ll#ws that tli@ mmme thiag is trm® 
wb#B ©tth@r 1, C sr b.©ta ar'e imrea»«4 ©ae» A»e®, 
Iff I * 
m 
hy- QQTQllB:ief {II sf tbeorea tAI, article tEl, aai using 
oorollarles III aaa tll) o.f tlitorea CB), artlol© 
I E )  
ant 
• . 2 
I» ii J3) 
9. ,  Jralttatloa of 
By tlie u»@ of x^£j. for aad ©qBStleas smi tll-7) , 
{3~8) 'bBCOMBQ 
,1)  
• ^ 2 J® ^ 1 a ss, B ij ij' i| IJ • 
Wh#r© i m& X comtsto ©nly b.©fflog«i©oias pslyaooiala M tb# 
ant so that vh&u thm eaqptetei Talme of ill is ao®-
pmtsi Bslng |li-7), thm, hf faotaring W arad X omt ©f tke 
aes©M^ iai tlitrl integrals aii setting m. mn u . etml to i# » J 
zero,! aai 2 go to aero, ant, mu tM@ lattgrsls tliMselTes 
are •bowiie4, 'tkeso two' teros di-op omt» Ibefefor®, w© will 
hsv® tiie dealyei yesult if »« ftai tbe expected Talae of 
0iie fm:rtber pr oliailiisrj slaplifleatioa is obtained hf 
•setting 
^3 " - ^0 -
if 
Xt la to fe© •espasS.sIly aot-ed tbst "b • whrn^fm eltiitir i j 
m J'»0. E&m&^ It will ¥e wmQmBB&tj 
%f3 iiatlmgalsli. tk»|w®®ia w®* all aell® ®f tb«: . 
aai tliat -of a^tt»a'tlta mmf th& first 
B©e&mas tf •HE*?,}, t^mstioa i Z )  ^eeaaes 
tt 
fo fial tie vslms o.f w® will as® its o-karaettr-
lstl0 f«»ti.Oii»^ lenotiag It f» 
t » & fe^J ^ ^4 ,^4 4 
^ 1| i j  ( i |  
•» 1;J^{m-p){^ bySy- z* 'M\ ItsI 
til® ©vmlitatlta' ©fJi) is a prolilea la ststi.aties..». 
fo;©lloiaat® tkt llneai" ttrma i» t ia tfe@ exfoatBt, let 
fli« tis4a?ati0' t&xm g* m l« therefey iBt© ttee® 
®^r8#si'oas-j firsts th-e aaas qmairati© for« to f ; s'a©o»i, i|' 
tli'@ ga«» qi«4r«tie fom ia 'g^ i mm& t.lilri.* a bilinear f®:rii 
IJ 
in b0tb.» 
• $* z . (?) 
'• 
fkis will iafolT®' the of i Ittl &a th.® sttisr® 
3r0®t ©f mimMB 'Oae sbA as « .smbBertpt# 
68 
•fM sa%stltmtl©a I'61 will siw mm la 
ylelitmg 
18) 
Iaxt.» #li®os® tbe g|^ ao tbat t'b® 0o©.ffiei«it ©f eaeh llaoar 
y In tla© ®xfoa@at ©fJi) mttm tesiiifomteg hf (6l Im Z®TO* 
w 
from If I ana |8J 
g'  a  »%% if} 
«b©r'0 b* is tb« trsnsp©»e ©f 1»,., s oolwi -reeter of 1*0* 
©leaeats.' ftef® »!•«. .1*0* g*®. t© ^'bs istermia®t,,, sai H*e* ¥*s 
%Q fkmm* Alsa, s ii 0f rank B'*S* s® ttot s 
solmtiQa f#r tte# g* 0 ®xis%® aai Is 
If,. a#xt,,. all taras la tli.« .g|| ajr# fsetoret^ omt ®f tfe® 
l3at#gyal siga, tb®r@ i-analas @alf tfe« «mltlv8rlat@ noyiial 
iist.rll.ft$iaa to tbt I«a§## tE# Talme Qf tb® iatsgral is-
1/K, aai . ' . 
To €¥®lmt« i, mslBg 110), w# ®^mai f la pmerB &f t aM 
• QftlemMtiem #f the j. 
*» w 
ffe®. Imeria#® tn the w&si^MQ& of mrnmrn eatlmtmi from 
•popalatioas •atrafclfl#4 ta twQ 4i«@a8i©iis. as eomfarti with 
f" ^  g' M g - M 110} 
tak# til® c©0.fflgi®.t 0f 
69 
eenplet® la giirm hy foramla 
{Ii»f J.» Its e«^mtatlta in tH® QMm of a s;p#eifie f©pm-
latiaa r«qatees a t.a©wlfii.g« ©f tfe® gj_|» Ib»y saf® gi¥®a 1®-
plioltlr Im tte ¥@©t0r (i-f )•., lli® veet&r eqmtloa 
spBt0lts@s a 8jst« ©f Itoeax of ilaeastoas li*C*. 
ffee tttrtods a, h easily ealemlstel from tfa® eoastaata . 
of tbe gt-rea' p#pmlatl®m.| a is tb@ tmm to la 
©qaatloa llf-fl,. «ai % Is th« row amtftx ®f_S*e* ©leia^nts 
©alemistsi froa |^9K 
As 3 is ^ mtrix^ ai^ iesly-ti agtteiot sf 
solvtag nofoitl #tmtl0s» ©sa'tee to flat the smelt 
aa tfe« ^©littl© met^kjfi.,, tM# reet-sfmarlag settoi, at©-. 
fh® «l««ts #f til® mttriM a aai tfe® wmtm l>* ar® p©fm* 
latl#a fa»«®terg» so ttot s© stsaaard mrmm sttmeh to the 
*®f®rtfcel^s» If tb« s-afii^l® Is- ¥©i»g msti to estimte 
a msajt-i* ©£ cka-ra-ot®® #f tii« tb® apfroprlst® 
To* vsetors will wmj fmrn t# efaar&ot«y so ttet it 
aay "be ai"risatele to ms« a «®th«4 «pl®ytei tto« immvBB of S, 
or t^ml.Tal«atly tsmsa fflnltlpliftrs* 
f®:i* pmrp#.B®s (11-f) fiwis-t be written mt 
plicsitly. By tii0 n»@ of (lf--f), tt to«0«©s 
i hi-'u ' ^  "''"l ,,j 
* J.i^h3 SyifeM 
to 
Altegimt® for.ft of k* 
S^pressloa ll-lOJ gives »o pai'tieilai' Insiglit ijito tfee 
raeaulag of t ami io#s n®t aff®ar to fc® mmj ftr a ooi^uteir 
to tts® ® to r«©ffife©r» Aa fora ©aa %«• i@rtTa4. 
I13K, Mil-,, fXi) saa i'MI af axtt^l® C?J» amlliilj omt ani 
eolltat teras* ffe® r@8m3lt_„.lg 
la msiag tkis f©raii3m to a©|»al #©t^mtatlon.,. If the 
we. 'lali omt.im a twway table o,f,:.!.* C* ilamsi0ii», ,tbe 
first iHTOlves tl«o iaiiviiwllf,. the steoai infolves 
tlislr .row amas^.tb® tlilri tfeetr mQ'Xwm sma, sad tb® 
tli®iy total sm#, 
l£.« tot erpretatIm &i the l&SSMS* 
• Am. illMwlmtlmg Tie* ©f ttiese i-esmlts eaa fee obtainei 
If ;©Qmti0as fi-fj. «r® wTlttea omt e:^lleltly# flier® r©-
smlta. a systs® of B'^C* %qm%%Qm la. th© I'^C* «3&iadwn 
with s syiB«trie ata-slsgmlar »t,rlx of oo®ffiei#iit;s., 3, 
a.s follows:' 
f , Q : mi S Ijy tketr itflaitiSBs fro© if we r^.Xa0 t 1 
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fto full solmtMa of ©fmtloas II,} is awkwar4 aafl • iQts 
not #msilf telag omt &a tat«rf-r«tatim of <1-101. '£0 smGwch 
aiieit m tat&rpp®tattoa,, l«t I|.», aui t ¥® eaeli r®plae@d 
g#ros ia Ul,, aal let ly He r^lae#i sj»t©m 
of ©quatioas Itcea©® iiagoaal,," asi ®aeb 
" Vii 
If th® itmmltm iZ) We sabatltmtei in ©fmation |l»ll),, 
the 3att#r r#im©®s to 
•S 
^IJ • ®  <S)  "i 
a 13^13 a i/13 • 
wb«r© tk® mrk ©s serv&s as a r«itm4er tbat tMe 
result, tea not toe«n obtalawi by m e.lg&hmlo reiu&tim,. 
Mm (31 is exaetl|r tb« resmlt wfeiel womlt bare "b&m • 
fg 
i«riv®i tf la the w&Tk &£ arttcl® t4J,» th® rtstrlotions tf-SI 
ant IS-iJ teai toy 
H;«t3 * •'' 
aiifl all m. . mm% lgH0r-ei ii8|, If tb® result ef i| 
artiele <41 wer® afprox|a®.t#i ky eoasiaeriag ttet tli© first 
1*C* a^i ftHow a amltinoiaial iistirlfemtlOB of ume maspeel-
fiei t©tal slas b* • 
Tfe@ iat#rpr«tatl©a of amggosted Ij this 418* 
amssioB ts tto.t h .trem h'** tb,# agsaej ©f aad to 
tb® ej[t«at©4 «mt»l idfssitaee of tii® first 
I'C* a^i of tli« aiMfl® throagh tbe aetloa ©f th® 
r®st3|gtl0as aai 6©aflio» s@as-» smggests. tkat iia 
«.-ay sitHBtltm iB witeb fiC is lairg« ttota S«f^dem© will 1)® 
eoall, so tbat for rmgk work h'^ em ie maea ta pla©e ©f Jb. 
la say @as®, 12# »&oml4 yrefli® eaB'TOBiaat first approxi-
oatloaa to^ tke If i 1-12.1 are to 1® s©1t®4 Isy smeeessl're 
aff roxlmt ions,.. 
&• Ap3plioati©a,of itaat Sqmr©s 
1:. ile,aeralj 
The preaeiiag ®«etl©a eoatatas tke ^©Imtlea of tbe 
pmhlm ©-f tJa-e #f sampllag mier two^-iim^aeioaal 
stratlficatita la' tka fora 
f lii » m 
mhm® %hM exfltelt fera of F Is givm bj {B-8j sua tfest of 
2» hj le pTO««te« ly wliieb saefe ssi^lliig e©ttl4 sctu-* 
ally l0-eaerr4®a omi i» p.»etl©® l«y©mi the l^arsetle^l# 
aflsia^ fyewtb®. i9flaS.tioa, of irawlag saKples wbell.;^ 
at Tsmmm tx&m tbe «il. tfaea Almm^i,ing entire 
mal#s« all'. aa;rglasl rsstrictldas ws^e ©xactlj satls-
flei# teas beea sagg«gt©i, 
TM pwrnmrnt g«'ti©n eeataiss a atapl® bmt geeeyal 
tli®0r©a i» l^s-t .sqmreg thmrf wM.&h. l®aia to a msbl© p-r©-
'm&m® ®f strmtlflestlm t© s sl«pl@ ia4«a: o-f tli@ 4m-
er«S'St ia effloisa^y sf awpliiif plsa ff-.I}. em-pmwi t© aanp-
liiig wM0.11,|r'at raiii®». 
a. sm- mmmss. M, kssM, 
IQ 'emwrniBut VBtmr&mB ksa li@©n lemttd fo.r tb® first 
thmrmm i#low it"a«or®» G| s® a preof Is pr@SMit»i fsr e@ia-
plettnase# 
'Shmitm jJl.*. fk# ©f tm mmttUlmtB q£ tb# 
noyffiiil «qmt.l.oa.f & f t m  ®li»iaat4oa ®f yetmatajat mrl-
afel#.i • iby mmms of ®oai.lti®a .eemtilms Is th® ».trli: of tli# 
fmaifati© ©:Kf-0H.8at la the smltivwlat.® asrnal ilst'ftfemtloa 
of tke ^Biito0wns- ©f tbe mrml 
* • ' frmlt la® mtrix l« aoa-si«f^lar. Its.. MwmwBm giwm 
the mtTix ©f T^immm mi esvaflfiaie.as of tli« diafc,rtimtlon« 
fh.® iavefa# of th» »trix #f tfes.©@.«ffl®i«ta ©f tto® 
fmadi-atl© ©xftaeat of tb@ ilstarlbmtloa- Itkewise glvts tb# 
of Tarlaassa ant m tb®- imremM Is 
miqm®, tfe«8@ two acitirie®# ar® thma Mmtleal Cliavlmf 
iasBtieal iaTr«ys®8l« the aor»al'•Aistribrnttea is 
Qo^letQlj by ' tli«• Tmrlaiie»a sai eovartaaees of 
Ita irarlstol#s-# 
flieerea (jjJ * a# Stt « s®t ©£ I va.rta.toi©a» ¥« 
•i.lstrl'bm'tsi ta a -maltiTafiat# ao2*a.l iistfilimtles 
•  ' t  i x ^ l  - E  C D  
wbsrt 
a  • - ( g )  
aai i and 3 eaofe Tm§m tmm 1 t# I* 
i. iet tts be amkjeotea to the n«-stagular «trti 
©qmtlaa of raak 1 
t X' « t. U") 
i»6t tb« ooailtieaai iistrtkmti©m of a sp«eifl®t 
I-l #f lto« va^la"bl®s Is 
i..» is't tils a set of 0fcs#rr@i. aai let 
tbs eorE@@p©aitiig B@t of i0t®rmia#d a.® ©stinatss. of 
til.® smlsj«et to IS) tef tb® aetlioi ©f l»#t s.qmi'es* 
fli«a tk® eoMitlon&l iiatfI1b«tt©a of ia e* 
is iteatteal 'wltfa tli# ilslriiiatJL«a «f tM# #stlaat«a-
m'ini. 
gyeof i feeb pTmmm will fee •©ari-tsl ©mt vmtlX 14®ati-
eai r-^esmlts mrm obtelaii,* t#- get tii€ ©-oiiiltlomsl ilstri-
"buti^a. ia i®t tfee eoapl^atatsry 1 1'® #liateat®d %y 
n 
sol-riag fS) and smtetltmting the reamlta la C2j» Q will 
tliiH coBfilat 0f s c«aad..rstie in th# etosm I-fi s 
fetliaea^ fora Is tbss® aii-4 tj.,. aiii s q.aairatie for® tn 
the t .»  J 
Imetlj m was ion® la. artlele li-iwi, a traasl&tloa 
call be foim;i t.o .©llalaat© tka fom# ami tk® _ 
tttftimtte font in the l^orti, as It mly e^trlbmtss t® 
t%© mwmllzing aoastrnt ©f the ilitri1&mtt©a ta tti# first 
!•! fr0ffl tli« tb#erj 0f gtsaistry., the eo-
fifficsients #f th« qttairatli^ form im tfee Qhmm »r© not 
affeetsi by this tm.ailstton% Q tsli:®s tk« foraj 
w'ftsr® tiis axis# jBp-o»'tb# tteoiigli tke process of sufe-
stltutien, asi 1 mi |. mw Tmse 0"rt.i? t:fe« elioa® set of I-l 
l21-dl0#t. 
In tb# east ©f tbe l®ast sfwres.flt ©f J, ©gmtioas' 
{Sl will tsk® tte foiw 
f  o* •  t« (5)  
f&« quatratt© farm ®f Q ®sa to® 
Q - -  ( 6 )  
wltliGttt efckaaglag Its vaiiia* Ii,©t (6) fee stivM for the r®-
3®@t@d B wfeleb, ar® tbm ambstitmtst in i&U ftoe eaa© 
tfaaslatitm m:mA •pTmt&'mXy ©an te-assi t© rWoT® th® 
. f6 
linear t&smM In the, «*• leu#®, Q la agate reiueei to Q*. 
in foimlag tii« ooraai squat ions , w« ar® to s«t tli© 
sao®®S8t*@ partial i«eiirati©iis &t 4* witli respeet't© @acfe. 
of the I-S ®* ia tmm efmal t©' s«r#. fb« i*%h ®qmatl©a 
is tbms 
wiitr® tli« sttmoattfio is ow9T th® eliosQii Il-E iiiiiaes*:- Oa# 
tsra ia th# first sm«»tion rtat^bes a tern tm th« tkiri aat 
viea -rsysa.t tbst,. aft^r lik® terais me9 eo-lleet®t,' &' 
faetar "2" -em It is • stem tkst tJisn tb« e©t 
of a©r»l -©iTiatieas of vhic b, ffl ia a't^le.al m@Bb®r hm@ 
tte.® @Bmi ©©efficient mtwlx as-.tlia ^trix af tb® qm64ratio 
form ft® appll©att@a of. tjitortm'eomplatgs tto® 
froo tm 
C^gllagy I,• 
: ffli® ffi©®a ana mriaaes #f «tty liassa? fmetitut ©f the 
Sttl3|i^t t© tMe sfieiitieaal «fii,ati#iia |3| ar® lieat leal 
with tha mem ait farlsae!® rtspeetifely ©f tM® same liaesi" 
f«a«ti©®t of m® stifejeet t® t&)» 
gggeft 'I'll# linmr tmmtimm a.r« e^fr@ssl^l© C3) 
or 15) ia t©r-»8'"of tli® obesea 1»M .x. m «*« as tb®s« latf i 1 
have iitmtical dlatri^mtioas. bar® ii«iiti©al 
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ffeen» by eorollsry II) «f tbeoy'sa (1), th» see ©ad t«» on 
til a rlgat is #fwl t© h* 
-4# i>T^age gala la creel si ea .tteomh &d.1i3.stagiit» 
fk# s toiari  taxt  ia  l«aa|  sq»res  by anfi  May-
fwipi Qmt&'lm a eouptttatloa &f tb« mwmmge gala ia ,pr#0isl©ii 
wii«a a gejflts •©# ia4®ftateiitlj ©¥a#yvei qa,aatitl0S are ai-
3mat.«i ¥f &t Mm% a%mrm% ia tli« gMieral 
least sitmtioa,. let a 0©t ©f I TOrtables, to® 
tb®, ,i «fea®rr©4 vaarlates li® 
to E limeai-ly la4®f@ai.®at p&raa.#t«r.®j, 
equstloa' 
• la: » t, (1) 
f is aa 1 % a «trix Of tetm «l«eata, ^ ia a 
eolwB Ts©t.0i" of S mfcmois tleo«ats -aai t Is & row -rmtor 
of 1 ofestrvst ©leroats.# Ifesa, prioT te- tu® mijmtmmtt 
ea&h &£ tb® iai«p«M«Bt will kav® soae r&rtmm® 
¥ It 1 . X r i s )  
wli©!'# r is t&® farias©# ©f mi, ohserwrntim »f mit weight 
aai fj; is the w®igMt &i mm i* t% 0lis®rTatl#a. t^^. Aft«r 
a4Jastm®at» th& rmlm will so long#* to® la-
i@f «ni«iit aai wi.ll Ma¥# «OMa mm w&rimme® 
^ Cf^l  -  JL r .  i s )  
Mg emwmt «»alle-r th&m hy tke least s^mr« priaeipl®# 
ft 
Tm rat to ©ft to » Is a atasur# of the gala .i» preelslOB • 
i i 
Btcmrea toy, tk# atjuatwat for tlie ots-ti-ratloa* f h@r« 
wi l l  to© a  ©0rr®sp-0milag rat io  fsf  @s©fe o f  •mo 1  s^serrat loms* 
ffe® Of«3r-all- gala froa tk® s&just«®iit mu mtastiirei %y 
tafct»g- th# av#rsg® ©f tlie mtim* irigtit ami Hai'-
fortt i m }  sfeew ttet 
tbfi avemge value of tte ratio of tlie wetg'iit 
©f the ol)a®rv0fi value of ths ^amatity t® 
tfe&t of its adjusted value is 1^® rati® ©f 
tfa# auffltoer of IndepondieDt unkaoma to tli© 
ii«A®r of observed quantities. 
Apolicatloa to aatapIiBg sl^ Y-**-. 
• fte# tl«or«» of tfes last artlele .o^annot fee iM@aiatelj 
Sfpll«i t© tt«a^8 the gala -etetalaai tteomgh ti« sppli-
estion. of narglaal strati f teat tea l«#amso. In raaio® aaaf-
llng,, tlie Qmll auab-era are aot ,lat«feiifi®at, lut tev# a oo-
' Tariaao# hf - • 
wb®re .eithsi" l/k ©r Ibll® la «ay praetieal situ-
atloii, tlils iepeBi®BC0 comM protoa^lj 1© igaorsi, an exset 
r-esmlt Is atsirElle if p®8atb.ljs-. for this purpo-s®., com-
BMm tli« foliowfeg eorollary to- the tM#o-r8» of'ar-tiol© 
HJj hmt a B'j&tm of I ols#rv&tloas ai-
|mst«i Ij k<I ooaiittoasl ^»tl#ns» ii#t %© aijmst«t 
•r®-smlt0 tee r»a4Jt®t«i ly r aitltlomsl @q«stlo»s a^b that ' 
. and til# e©»pi«t« s«t of ^oailtloaa.! efBStloas ar-@ 
80 
of raafc Tkm tiie average ratio of the  final r&ri-
anees to tboae reialting froii the first aijtistmejat is th® 
rati© of M-k-r to Broof: fli© ratio is soa© real nmm-
ber, BBf A* Iow» aiise# m© way to adjust to tb© whole set 
of te-f-r eqmations Is to adjast to tfee first ^ ant tli.«i aa~ 
Just til© realtmmls to th® rMSining r aqmatioaa, th® tlira® 
ratios satisfy th® ©fnatloa' 
fc|::£ -A (2) 
Hearranging, this ie 
(3)  
I-k 
fo"apply th® eorollsry to tlie aarginal sijmstm^et pro'blQn,. 
we can mse tli© sm@ artifto.© «s®i In srticl© i4Ai of re­
garding tk® freqmenaias in tb® se-reral sells of a multl-
Bomlal,tletrl'b'ation ea telng glT®. fey fols^aoii frequeneles 
for each, of .tlm a®Teral eell».,, smtoject to on® llnoar 
restriction, fkea the eorollary ean applied to the 
noraal approxlaatloaa to tto© folsgoa i tat rib at ions, which 
"befor©- the is^oalti-on of any .eoailtlons are liaiepenfl-snt. 
Henee, the k of th« corollary aboT© h©eo»©s 1., anfl the r 
beeomes B,*Q, Ii©iioe» the ©fflclai»y of marginal stratifi­
cation QOffipsrea to ranftoa saapllng I'ao far as th« eofl^oia-
ent L alone is oonslitreil is glfan hy 
ISri '4) 
81 
fii® fettowlag tabl# will isileat® bsw tb® i» e0.i^oa«at,_ #f tli« 
Tarlaac© of tiie »eaa ia ampUm raargl»l stratlfl--^ 
e-jtion eoapares sltb tbe s«t ,e®ffipoa«t; ta raaioo saapllng^ 
flia can be cte®©fcfi aal eluoidated Ijy'a rafireaeii t® 
fafel® S-
B#ptBieae« of It ©a ItrlsiQa of t©pmlatloffl''^ 
STf 
2 4 • i 16 SB 64.  1^ 2S6 
z ggg 429 4if 483 492 4fS 498 499 
4 42S 400 €78 fl4 Td& f4l' ?4f f48 
* 8 4if Sf8 tm 8.40 ftSl S6i 8fS 
1# 4Sg fl4 mo 8«t »« iE4 031 fM 
m 4fg • fgg SSI too 938 954 061 i€S 
ft4 4f-S ' • f4l tsg fM 0S4 f§» 9ff 9© I 
128. 4S8 f4f 869 f®l i-il 9f?  984 9Q& 
B5i 4ff f« ©fg 9M ifti ^1 ise mz 
teolasl ^tet is to mi«rst®oi prees4lag 
an tafemisr ftntrlss. 
t.li« speelal oaas of tti© two ly %\m ta'bl® aiaaunaei la 
artiole (§4}.. It waa thm9 gtiowu tbat ttie vairtaBe® of tb.® 
a4J»tM Talu« ©f iigg fmm 
# • n 
1 .  1  ;  1  j g j  
^11 ^Ig ®gl J^2.2' 





By symraetry,. the rstlo.s for tte otbei' eslls eorrespoai, so 
that  t f e e  a T a r a g e  rat io  i s  
1 C «! • -J; * ^ * -Ja 1 ml ii) 
4 apg3_ npg^ 4 
wlileb, as-ia tba th«or«, l.s tiie rati© of me m-oate^r of in-
iepeiii«iit variables I on© I to the tolal ammtoer (four). Qa 
the ©tfaei* teM, we s@e ioasiiately tkat th,e Tariane® of 
ini®pend.®Bt s sap ling is mi of fflalttooaial sampling 
^^IJ^lj ^tet tlie ratio is Bmt 
so tbat tb« avefag® is 3/4, fmfciag tli% ratlQ of tills re­
sult aai (f) atoofe, we hSTe 
4  ~  ^  i  ( 9 )  t ' t t 
C Exaainatioa of tb© Bxpeaentisl Matrix 
1. General* 
la tb® ilscussion of saetiOB { B ) »  it was assmaei tiiat 
tiie woTjid "be solved for toy, namerieal metboiB for 
each population tsaing atnaiei. mvmrm,^ tlie trntrix iS of tk® 
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Aa * c 
f4) 
-ifermlm&tlQB of the aeeeial 
fb# fflatri0«s e ani i aif® all s@e» to ©f tb@ 
sawe f©r»« fli® ieteafaiaaiit of © will fee «wlmst©4 as a 
,p.r«ll«te»ry t© tto.® •aatri^ 9wmlm%lm of Z». 
Smlitraett]^ eaeh cow trm tli@ ©a© aboi^® in tlie i@teT^ 
lalaaat ©f 13-1).,. r ©suits 
•^1 0 0' 
0 © 
0 § % -®4 
t i i 0 • .4 
11) 
l®xt., .fttTiie em'a. e©!*® ©»©ft tli« last ly Its .Isailag 
Si 
aisgemal #l6a@at. SlTli® tli©. l&st #olm«s fey fM@ re* 
smlt la 
1 G 0 
0 1' ^1 0 
0 & I *1 
4A, 4^^ l»4/8 
(2) 
Iext> l«gla»tog wltto mlmm #»«, «ii «aeb,e®l^WB to th@ sme* 
e-@#4lng oa®, oltalntog 
3, 
e-CxOgCgO^ CI • i 
of tke ^TOoneBtlal. 
(4) 
Wtm: Bqmmtl&m. <4--2), it %m B^m ttot Ihe smte-«atri®«s 
of a "si'® i|on-»l..^^iay. tbey ar# olTtomslif of raim:. 
fh.® iaT«ral©a %t i wiil fottow t'li« ©owpse of ai-ticl® (8) 
8xe#ft tyaiisfar«tl#a *111 fe® -assi ©mfloyljftg 
'l 




















0 0 © 
Q 0 0 4* 4 
• Ivmts. It c^- h® ittwiiatelf veylfi®® ly iir-e@t 
pliO'Stl-®! tbs.t 
M* « 1. 
wh-m^ X &9mtme i4®»tlty matrl*, B-ut thm tuTers® Qf a 
tmtrix is mlfm## i«t 
I -1 • 0 0 
0 1 ^^1 0 
0 0 ^ -1 ^ -1" 
a - 0 _0 1 
Ui 
vh&rB »1 4€a0t€a tto.©. satrix of th@ m^mm wmk «ht&k h&a & 
ii0gati"f0 om im tb& frtoGifSi ilsgoaBl gafl zero els-ewbere-t, 













i S )  
fie pr@<3f r#»#«blas that for 4*. Ws am. am a 












0 6' 0 










0A* Jh QA* a- 04^ „ X-^QA* 
I 0 • 0.: 0 
Q 1 0 0 
Q 0 1 0 
OA* I OCA*'AJ] , 01 
m 




( 9 )  
,H®aiee» appiy'tog tbe reTei's# ort#** rml® 'for iMW^vmrn 
2*' • A* 1* §•• E, 




1  0  0  0  
0  1  0  0  
0  .  .  ©  1  . 0  
-a*A* .i£i| 4p -I*C4*U|*A|3 i*e* til) 
wfciefc '©as b# fsriflet setiisl mmltlpl'leatito* lafcing 
me ©f t^8 Aefinltlfla ef 1 la ©•qmtiea <il 
1=^ • A%* 
I -3. •o 0 
0 1 *3L e 
0 © I -1 
g -1%| 1*I%| 
-H*A| -l'A| 
-1*4* 1 a -H*A| 




JL. •% -aJB*AJ -AJE*A| 
,-A*H*A| -•^•^*^2 
-A|tt*A» A|-A|B*A* -A|H*AJ 
-A»a*A* -A*a»!A* a*-a»b»4 4 i 'if ' 3 4 4 4 
mi 
114) 
fli© Qostmtmmm of this ©s^.i-esstea foi- 2* ean eii#elsA 
Isj mmltiplytjttg with e^mtlea 
Sf 
approximatlQn to 
A .aeeoBi ^nora%lmtM& to tlie mm&% Talmes of th© g 
ia available tmm a «o4ifiea.tlOB-of tqmstioB. 114-2).• If 
w® sga«@ tlist ®:s©M ©f.tiie 
y 
H* !• ® '^1 (1) 
is 2* miuQm to 
• » 










• 0  
Q I2| 
ffeiis ®t«f is »imtTal^af to fQie a corr®-
latita wittois »ws, "lntr#itas-«d -ly tk® m&%hQ&k of saapltog, 
in ©alamMti^ tbs s i>at neglecting tb« ©oi-r&lalita wltMm. ij 
eol-ttttas- m well as t&at aleaents witb aeltber a raw 
nor a ©almm ia ;©©aiiom» ilgebrsl^ally,. tk® eff^et sf tkls 
siapll£i#ati«a ia to- I'efla-Qt^a i|rst®a tf ,gilamltaa#@us 
#4m&tl03a@' 0f 1*G* .4i«enaion;3 .fty G* •-»#|>arate set© of aioml-
tansams: lta#ar equations of itii©jaai©ms» l%rtker» tli® 
sets ar-e ii«atieal in fo,ar«, so tliat tb«,s0luti-$» &t any on® 
afferAs th-0 solmtiim ©f all. m ts^^l©, w® will iisemss 
t&® lmT«3rsi«a; -0f A^.m l%m ittsraiaiat was fomt la artiel® 
c2) t® ¥» . • ' 
*11 »13 ®14 £3.*ri/lj aj_|3 13) 
m 
tb# walmtlea &f |:ii® mtm^B ®£ A wtli %e eoa«li@r«i 
TiM@ar tm easts, tiist of Its it«g#»al ©lemeats mi ttot of 
its nan-'ilageml tleaeat#* tha first ©as# emetlj 
a,. Itaat. so that If la tb« eofaetor of 
\h' 
B^-(l/ajjj)[1^3 (l/a,,il / Cl»r,S(l/a, )J (4) 
-ilAlhJ [l-(rj/a3,^)a<^i-a/a^j)J (6) 
rnhmm th% tl® mmmmttm ia th# first lya©k@t 
mm»m- tkat ta t© 1© emit tat la tM® sms-flffitlaa* In 
tfe© aoa-tisg©ml ease, ©ms e«2,a«a of tbs mim&T wtil eta-
slat exelmalTali- ©f mlTma aay to-© sbift#i to 
tk® 3s»t f©git aa# thm sabties^tei ta t«3m. froa, ©aek ' 
•Of the Qthms* All-^mmtm b®l©w tke €taf«al will tfems 
fee g-SBO sai w® get 
B" -• C-ri/ai^Sj^J / tl»rj^3(l/aj^^)] 16) 
If,» ta ttnatl&a fij the Bmm& tmm ta tli«, lr«efc«ts ts 
.a®glaot©i.» tfea #imtt« bf©^©a«s 
. i f }  
la «gmatl®M l6| tk© mrvm^mAimg stopllfloatl#a ts to 
jsagleet th& oa« in tbt fltfts#?, »© ttet-tfi) feeeoaea 
il 
« - ^iisPm tt) 
%ij • ' 
Sq-astioa Cfl aai IS I Qm to& mmfmrmi \!?lth tbe vaXmts tf 
varta»«s mi eowmrimmB is the t© s®@ 
the mMlfimtlmB bj ts| aai 16J* 
-&• sifflilft^ ©«lemlat-t®a o-aa ¥@ «4® la@®rf ©rmtl.i^ tM® 
wtthia-e'olarat ©©rr$i©tiem emi H9gl«:«tiag tte® witfe'la rm aai. 
gsnarsi sorr#lstloas» 
S» airaa,mtlQB 0-f th# exponential 
'Sfmatioa gt"?#®- a aati?.ix f®r« ©f tM# tersrsioa-
of a, tbt iiatyl^ of tb@ ®spOB«at ©f tli# iiatritomtloa of tb® 
saapl# ©fell frafm«»el#s gl-wm 'ky «qmttm tlS^-fi#. I® y^flae# 
th@ laT«s« aat^ix f«rti®:r, it Is i^o^aaary to .stttpllfy tfe@ 
A* 1*4|, {IJ 
, Am &m- msHy h@ Mmm<^ this will isvolT® ilr#@tly or 
•iffiiirtetly %hm #Tslw»tios of tfa# isttrmlaant of 2,. la the 
woT-k of tbis tb#st8, BM #3c|(^@s«tOB foi" tills i@ter»insat was 
see-ae®4. • agaia# It is ttotomfkt-.¥@it %©• first'jpr#©®!!* a 
Sfooi&l wki&b mkm thm iisomssloa ®s0i@r to follow 
»iii £mm the gtae-ral. @as# follow® r-4^-4ily.' 
ef apaoial .-oai.#.# 
i#t 1 and G . ©aeb take tli# faim® tar®.®* Tli« tM# 4e-
1 
tsmiatet whiofe »® air# to t&km tim Mm 
- i ^ 
a) 
ffe# Taims ®f t^is t@t8r»li«at ts» ef eowrs.#, a polpi-aatal. 
in tii0 vallatele& s, aa4 t* 'ita a Ti« t® ®iir l&t«r i| J ^ i 
efmlmstlem tto# gma'^al ©as®,, tt .will 1® fraf ita.bl« t® 
©•ralmt® this iet^atasflt e©i^l«tely Sf^eifytag- tb® p-Sly-
a0«i«.l., ratb«r tMaa toy straight fofw»4 • «a^«» ioa, . jror tbis 
tb.«- fr©p®:etiea of tli« will bs s®t fmth • 
• in a list of prop0#ltioa».» 
lyoBOSit ioii 1. f ii@ tetfti-a'teaat is m&t litotieally BSfo* 
for it.comtsias the .tmm- tmm tbe fa-e.&iet ef 
m@ diagoaal tsros,. aa4 a© ©tb#r t«rias esa esae®! it»; • tffor. 
all the mmix ©aly im^ ©a'tt tmm)* 
^ropo^ittia II, It fmataias a© tmm^ tsm' of all 
If it ©0ttli w« wsmli ,g#t ameto t®ras ly lgB©.r:iBf tbe •ana 
©valKiati^ tfeie ire»8.J»iag i®tarotm»at* Swbtraet tow 2 j&ro® 
wow 1 ani tqw 4 fro« mm f« f.©t 
t f®.i" tefiaitieaa of ttte a.;^fc-«l8 a®e artiel# tl). 
m 
-Og 
r^.4 T,*e *A 
m M i: 
-®E 
d ©g+d rg*t 
cg} 
fh© resnit lag aet#irataaiil has tw© i4i®tteal r©«.« list 
aai Srti- aai 'tesii©© is t® i«r©» 
gropoalttoa I.II* fbt t«rms «f ar® at »at 
of t&© first i«gr«« im m-Qh wriali® 
Is 0%.Ti©as is tb# #es« ©.f tii« a^|| w #a©b-©«ears ia just Qm 
ele»©at, sf 4.@t«r»taaat# fo mhm thx a res'olt f«5r t, ta th# 
or%iaal i#t«riiijiaat 111 sutetraet mw 4 fr» taek of tli® 
otl«rs, thm 1 fir©» m^h ©f tM. ©ti«r»* resmlt is 
®is 
11 1 s 
g 
-®S8-V£ ( 3 )  
|asf®«t£fta s'lews t^t-4 m-&mm ta„»aly ®m# glememt 0f 
tfe® It «@©«r« t© t&e fir®! f©w®r at 
aost la the ^6ai.»4 p®'l3?a»lal lit ©eemrs t© tfe® first p@»®r 
ta tb# «l©a®at emtsMlmg it I* for w# 3a®«i, oaly eausiSsr 
th# first t«r# rows aat ftret t*© oolx«» ©f th% ©rlgiaal 4«-
teriai^®t^« Smtotraet r@w I' from r#* 1^. th»& &Glm 1 fr#» 
m 






Og»4 ( 4 )  
• Tae erne 1mston follows, as' ar^ m&wrB in omly m@ &l&m€mt* 
The prmf for T IS ©xaotly similar* '.'Jo prov® tb€ res-mlt for 
•M 




e *& ''S ® 
••a "& "T "X 




r +d B 
a *r *0 '•A gg 2 a (i) 
Again, ©2^ oeamrs la oaly oa# el««ea.t« Sii© pro©f for 
0g oorrespsnds* Itots eo«pl®t«s fee proof* 
trepogitioa if* ilaeb tsra la^ of total.a®gr@e foar in 
all -rarlablei, ffbia is Imoeiiat© as ©aeh ©lemsut of tbe 
aeteraiaant Is bo»g«!ii#otts aM llntap, 
irmmitiim ?• , If a tertt-#f tke axpansion is fip@® of 
aj^^, tkea it oontaims ar^,. or i* 0oaai4«r tb© r&m m4 
column of th© fieteroinaiit eoiitainl]^ a if is» of 
ooiirae^ aot tlie saaa In general •— as the i'tb rew aai 
J* tfe colMa, I By the ©riinary rmles of a iater-
mlmm.t^ tin® term lamst eontaia aa eleoent fir©a Itoth th© row 
96 
and Bwt tto onlj Tarlal-lcs ia h&th. bw@ and 
t» lit shomli h& notM tbat 'the @$la|«i|e of fiiB tera is 
ia this frofoslttoa, mot MSEM* ' 
gggt?.8Sltim fl# All t^as e©at<ji.mirig s-gg 
csae-fram ft© laala, iiagonal* la tl# «paasloii of tb® i©-
tsrataaat, a - a a is onltipll®! fcy'tb© ©lecsat X-d S2 
aloa»» anfl'It Is 'im.tb® timta ilsgonal. fMs 
resmlt Is trivial, tet it ¥«eoi»s l®m m as we frooe©4» 
groBOaition vll* fb® mmmiM&l ©©sffteltnts of the 
terns ia ?I ar® ©aob pirns cai«« fteta follows by Inspaetlon, 
tropositim Jill* ft® teraa eeatatoteg i&M 
m other Syi tan, all "bt cte'talB®i %j s®l«otl-Ojaa ©f Tarlables 
from the mto ilagonal al©ia«. All smcb tersis ar® obtaiasi 
toy @xpa»41ii.g tii« i©t@riiiasa't hf i»aBlae# expsastoa* mslag the 




T * &  
'•o •*# ®22 2 
( 6 }  
for tie |>«rpoe® of this proposition, tlie valmes aj^j^ ami aj_g 
cm to® l^orei '8Mi tli®'se®®ai, ist®r«liiaat reimM M 
Bj airaot ea^ansioii, • tb© lelt-toia^d teterialaant Is tbaa • 
,2 
Bj taspeetloB, mmk of tb©.s® faet#rs Is obtaiaabl® froa tbe 
Eaalm ita-gonsl# 
fi 
II# Bach ©f the terms eoiitalala.g ®2i®^gg 
(and 1© otiiei' S|jl bas a am»«rloal: es^ffie teat ©f plas one* 
fhla r«,amlts froa lasp®«tion of {f}" afeOF@» 
gre-o#alti:Q» !• Mmh tmm eontaljalag .a^g., 'but ao otbef' 
em toe cfetalnei by* s«leetioii, of vafiables from tbe fsain 
ilsgoaal* in treof,, all &mh. terms ar® given by tb© ffiiaor 
of til# ©leaeiit • fhla is 22 £ g • • 
a? •o *<k 
1 I 
1 2 
r *0, •€ 2 l" 
(8) 
{wli®ar® all tli# ^21 fe6«a o»itt#i. I ; 
fka 0t«ps of tli« ©nsmlag y-ttestloa will b® givm ia 
fell* m' gsBsral ^wmi mmm]fmAa* W© first 
operats m e^., salt^aeting ©©Iwii 1 frsa coIim 3» Tfe@r® 
resmlts 




H0W ' g Iron rsw 1 givas 
a-. 
-3Pi 




Mm 3 i?ow 1 g,tir®g 
••ft E • 
®a.^« 
Mofi  2  f lms wm X g irm 
-»3-« 
"l*" 
Mm I flma r®w 1. gXrm 
»-Q ••'•4 
C.#l-wft g less eoXa» I 
-i •# i 







i X Z )  
llg) 
( M l  
Clfil 
By tmsp«etl#a» -©acb tmm is ©^tateail© by 8«.le©tiag w»w%mhlm 
.fi-Gw tfe« miM. 
m 
Xtm fte# matrleal e©«fficien% «f e®#.fe t®r® 
a© otrAsr & » is -tao, ffeis titi *3 
froa lasf®cttoii ©i (Is-i alets* 
frQBgailiem 111#, frdfiisi.ti® •?! MM f&r ' 
l3r%#sill®m fl t# II ar# sfffl«#tric in sat 
»gg* f©-pr@« titet py#fOsltl<ai# X mmi Xl apply to ®g:|» 
0©1.«» 2 @nt ««M«i 4 mt rew S ant r©* 4 ©f 
til© i#.t«ratoiyo-t (D# There result# 
'l'* 
If "*# 2 
A 
th® ^ ator a#««©€ m0w la 
<16) 
A ' ML 
* ## 1 
a Bg*! 
Oj.4 afi 
In tkls,^ rmB.l  mi  2»'mi t&.ea ^®lwas 1 iBsA 2* 
tb© resmlt is 
rj*4 
OgH ; « 
© g 
ri8> 
f«rtii#y r«ta©%lsa -^m. hm sv.#ti«4. if ttels I® ©-©^aysi 
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100 
varlablt elMent, aai mltb th.© restriotioa tbat 
a.t l@sst on# urnst appear, A gives t^o la fom®4 aali' 
one© ani witk the aweyleal meiti&lmt pimp on®* 
fhe exlsteime of tb© several ta-ms has leen stowa la tbls 
speeial ease aaly fey aettially flailiig tHies* ffe# alg»torate 
expressldii reimltlag ^f©r tb© Tslma o.f tb© ietdraiaaiit Is vgary 
bmlky» ©v@a for- this siapl® «ass*- it ts fe®low. 




is iis®a to laaiest® sTomi&tl&m OT#r all oaittlag the one 
m, . Beans IJ 
'-11 
miar tfe© S, for a a  
axpaasloa is ttiem 
^^^ll^lg^-gl " ^ll®l#-22 ®ll®2l®gB ®l2®a®Sg 
(1) 
* Vl®g2 * Vsihz 
* °2^E®a ! ® Hi 
Hi "u 
" '"I'-'E! Vz "I'e Hj«ij 
101 
&• BetQfiilaatioa ©f ialas lag :ggrfTfe« 
fhte resn.lt (l»fl is oaie mp of oml;^' terras wbleb ean 
feraei fey selecting fieo® tli@ elements of Ife© iffi-la 
diagonal — oae Tarialal© emlj  ixm saeli tltatat — ani pr@-
tixing pirns on# m wmmmlml cotfficieat, with tie furttoer 
r#8trteti©a tbat m Farlal>le tcemrs to a pewer blgb,®!- tbaa the 
first. 
lot all t«r«s tliat e.aii ^« so f©msi, feowtTsr,, mm 
preseat la tl® fl»al r#8mlt,» fhsaa ml»sla.g twos air® 
» dcrirgloitog) • Oj^Og(r^->rg)3 • 
io fiai a rslatl©» oa ?iblcM to hm& a rttl@ fer dfit.erminlng 
whleh t^TMs t® oalt.» all pjssltole w&ys of foraiag &mh of tUm 
terms it) are set @mt 'on the aext pag® — tte® left*teM eoltmn 
Bhm-m tk@ terfss eomslitsfed^. lb© e^tei- e©lwa bMwb the mn" 
asr of fdriffitlQa, Ikls ts isn® "b;!' wyltlag tbe towt varlaWes 
to tfee orier of the llagmal ©leaents freit which ©aeli was 
taM;^; as the ©loaaats sffsar ia the istemlasat (l-fl# for 
ffic-aaflt, tb.© first •®atry la tfe© nlftil,® Q&lmm — — 
im 
ffafelt 6. 
feras Mlaaiag feon final l^r«sst®a 
Smsm ; Smmm of fo:g»a^tt#ja . of ways 
.#,4 1 g 1 r^dOir^ 
°A»'£ 
e » * 4 













4ir a a 2 11 18 g 
a 
^®2®U®81 2 
dai oO,a^ 1 2g 2 
^ll^l-E ®3.1,®#gi^. 2 
«^12®22®1 - •^®l#l®2g E 
IQS 
flitams esa© i twm tfe® sseoad, 
fi-effl- th-@ tlilr€, a».-a t%® Imat #©i»n of tb® ieteraiB^nt#. 
Qnlf ©ate ilBgoaal ml&mem%a. ar® ®«msli«3P©4#. flit last e©liMm 
_tBil©stea tfe© wmhm of jpessibl# ways of fermtag ©acfb t«m.^ 
smggasts tbst if •» term earn %q f&vtmA ftm ©lemeats 
of ®i'e ttata plagoml ia aa 0i'«i.ttWfe« of way®,, it mtll aet 
apf®ar ia tfa® ®xpaMei©m of tl« •l»»iimti©.m^ of 
paaM teira of (i-?)"8toows that it eaa ¥® fdrmt4 im'bmt m& my 
from tte@ ®l«'-»Bts tli® lesftiag, iisgeaal ®f tk© teterwinant _ 
£b*6)» ftr tMis Sf^iaX eas#.» «# »ast tto@r«for» ait tfee. rml® 
-tbat if a. tgro;ean to® foraei M m @f«a a®il^er «£ ways, it is 
to'be ©mlttt4» ' 
Altematiy# f uria- of r.&s^tm ' 
fli©,ab©-re resmlt ©aa .i® e:^r@s8@€ syelolieally in a 
ismo-li sli#rt#r f ora» 
- Coaslier thm last tw# t#ras of ll-f| wfeiO'b are 
fb@ foraar is ol^taiasfel® ttm tfet iatt«r fey oparetij^ m it 
wit-to 
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,j.e.©0rilaga.y, five ©p-erators as follows^ 
. A, i— • r, I ' % • ^^2 I— ls~" 1 aaig 2 ® ^21 ^ "22 
®1 * "1 Is^ * "1 Isil ®E " -fei; ""2 Is;; 
5 • ^  £ Ai.i.|«i.iiii.i.i; '*' .CTII..I.LULI..IH •* I^III 'ii'ii i-'ii * 1^ ir«|-ilil»Mi J 
fben til® ©xprossloii 
il*A^} iim^l «ix®l2®21®gE 
m 2 
•  2 -  2  
•' II+S) rtra^B .|3-Tr <3). 
1. , i IJ 
yields only terms wlileb la tbe «alm 41ag®Bel. farthar-
more-, tb« awerleal e©#£fle.lfflat of «a@li t«ffi of <3)' Is ®q^l 
{la this epselal oaes) t© tk« amabtr of ways tb® glT©n t^m 
caa "be for»ei toy -selsetlons &f varlalles froa the ®l««rit8 of 
til® laalii ilagoBsl — iii otlier words,, tb.@ iim»«rloal eoefflclent 
that ta@ tera would tev© If th.© »!» ilagoaal el ©Beats were 
sotually limit lpll@d o-mt. 
10. l^lamtloB. of MtlaalBg t^rffis* 
to article {8) w« isterttliisa wMeb terma womli he alsslag 
aad 4®vle©i a rmle to 4«t#rola# t'km* Imt this a©«s »ot 
explain.- wfay th.«a« terras are alsslng# in tbe ©as® --of tMs 
T"— 
•^ihs mse 0f i la two senses will cause ao aoufuslen-. 
X0§' . 
special tetetaiaaiit,, %hm explaaatiom owa Ij® afproa€b«a 
the ac'tmsl #3®aiisi0B. ffc# ii®«usaio»<tf profositi^a Till COB-
tain® sn it is tli-®?# why Wk& t©r® ®21®8g'• 
®xl3t§* ut, 'T®mm is stowa im m^r^mlm l?-6), mht&h is 
aad ia tb« ©atir® •©0©ffi©i#at ©f %|_®g2 detsiraiaaat# 
mm this i» ©iaplififi, tie llatiii&l iissfpears# 
Its miftil® t0r« wowlt ter# yi#M#i- ®gi.®:gg* 
eat jyi tto® maia ai s  E .  b r e a m s ®  r ,  + 4  mQmm ia 1&#tb 
mate 4i&go»l @le«#ats« 
fr©fa tfe® form of tl# Mtmrnlmnt if & MSIbq® qx* 
fsnsiom ta^es tm ma,i» ti%g©jial mlmmts wbos® t Mv& tb@ 
same Bulseript |, tfe«a tfa® m0m&&&y ilag^aal ©Itaesta will 
Ijoth. Site mmkQ is tapm® of #| omly^, if tb®- r ani q 
ralseripta Itatfe. tiff««at will thm mmmAmty tiagsaal 
®l®ffiaits %& i mBQk* Bmt thm tbere will l»e tat m€ wmj to 
f0r© ®aeb't®ra, ftaa 0nl.y will #«eel -ia tb@ setml expam-
si©a. It will •&« fomi tiiat 'tli# saa# ©xplsnatiea e©irers th.® 
g®a®rsl eas#» 
H- £St .5tes ^ • 
i© teay® not yst Bh&wm. tbmt if a t^fra ®f tM® p^ljaoaial 
m&a to® ferBi#a frsa tfe® «l.®fa®Bts. ®f tli« tiagtoal hw fiok-
iag &m@ Ta?iafel« i^m meh olmmt is aa ©it am^@r of ways 
©f tit®.# & mm@ m&t tta® tmm ia frtsaat im tte expamsisft'ef 
10% . • 
tbe i«.t®rtainaiit.. A gsn«ral will l»# $ i f m  lat«r^ tet 
k-er# am .®:Xs«pls fro®, tk® i@t«raiiisat ll-S) will smffie®* ,Con-
sldear t'&a tsrsa ' Usiag ttoi#' saie de-rte® effipl#j®i ia 
ts¥l® (6) tMi ex'^r«ssi0a e.aa fomsd la tit© following fchre® 
ways s 
ID 
w%|fr®. til® • ori«r of t'fa# wmia,%%m shovM thei tleaeiit of tb® 
fro® wfelQh eaeh Is ptQkmd.* 
Th@ %mm is :prea«at la th® #i^».iisteii tl-f) ax Its 
©xtst'tBo-® esa ini.%iaat»fltlf b« sh-owa by a expaasioa 
#f the i«t®ralnaiit, ,iiegl«etti® mrls-Hts act preasat to 
a r #4 11 t i ffee miao'i' ®f b#©-©«@s 11 
®E ^ ^ 
d 
ci g • i 
rg 
• a 
• £  
t 
rg * i i z )  
Smtotraetlag mm B tmm itm a, tMea mXwm 1 from ©©Ima a# 
tkis is 
4 0 
« »2 • « 
® • i g 
•a?. 
S 0 
•" t & A & 8 
i 3 }  
t4) 
lOf 
We tia-r© treated la grmt tetail tfe® ©ass ©f tb.® a®t«ir-
iiteant 0f ori«if t&wtm *&« preof '©f tae g@»«ral ess® e«©. 
tlierefor® b«" awsl a¥kr®"rl®tt«i*' tr#fesltloaa 1 to f earry OTar 
wltb mlj ©fevioms efeaagts in st at Meat aafl proof* fbs easaQC© 
of proptsitions fl t© Ilf 1» ttet tto# farther stmiy-©f aoy. . 
p©ssiH.e t@ra satisfy tag %h% eusLiitisa.a set f©rtli tn propo®t-
tloas: 1 -> 1 ia imte t# 4«f«ai #m tto S|| wlil@b it ooatains* 
In ttes Sfeeial easa.*, *@ all f®3sttlllti@s» la tli® 
gtaeral ess#.^, a more al«trs#t disciisBtsa will to® ae®4@i« fsr 
tliis fm:^oa« tlie aiath, oritr i#t#rffii»at will fe®- writt@» omt# 
as stowa la tall© f. 
fh© argament 'Of tk# gr^of witi0fe fdllsws i«|>eaaa on thm • 
»at:#--s|P' #f t'a# 8#v#ral' It l« t© %« tijst mo 
sl®tt«its #s:@apt tii« dlagtual eaatala letb of tlis • 
letters r aai e# . fm-tlw, a© t«o timgdaal »l©aeats slwil* 
taa@©asl|r e'Oatsla l>9tii e* s witfe We' iite® si^acrlft« aai r*'S. 
wltb ttee »a®#,»mlb#0rlpt» 4gaiB,,'_ tli« orisr &t'th§t ftowa tb® 
min diagsttal Is t«rife4 &m tto^lr orier la tli# origliial 
tabl-®, toy reading awss tk® S'-BS-e^essl?-# r^ws &m left t.o rl^t, 
%mm. oa^taims tii« l#tt#r i,. tb©. ®mfe-s®rtpt ©a tke 
r la say ttagsaal ilewent is «qmal t© t&e first s-atoseript •!>£ 
th© ®leM«t, asi tto-sa^sorlpt ©a th# # la tfe® 
sa«e ®le«©»t la #fml. t© tfes 8«e®Bi. smfeasrlpt ©a the m. 
• « 
_ It Is laf^rtant f©r tb# .«smiaf m:gwm%m% to s®® tiiat tto« 
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« M ^ m • m 












































f 5 IH e. 
? 
w «d 


















































eoat..®Bte ®f emh off ilagoaal esa toe ietermtmot fir©m-
tbat of two itag€BSl slefflents. — th@ m.% in %%& sw® vm,, an,i 
the @ae i» tb# mm& ©olwa:-'as th# gtwrn ©ff ilagoaal ©l^aeat. 
fli® lstt«y aetmlly 4«p©ai. cm tli® iji tbes,® tw© aiagoaal 
©lemsnts iBm&& »w- &m mm® e#laani hut -as m© ilseuislea of 
the pr©e«41ng faragrafk .sli#ws., we asa e#a»li®r tb© &* b aai 
r*'s la tli«ae ilagon^l, @l«»©ats lasttaft o£ thd from 
tatol« <?!• Ifeow t® e0mstirm:otaB algg^'xsl^ arg»®iit Is otoTlo-as, 
feat less illuttinatlttgi w& om am tbat, f&r amy given off 
ilagoaal eleffient. If tke e*w in tli© tw ilageaal ©le»@ttts 
{©a® In tte® SM-@ row aai &a® la tbm sao# eeliwm as tk® givm 
off tlagoml ©lefflQati liaT« tli# smlserlpt, the off 
tlagonal ®l@m-ent eome^trati ©tatains a e^, aM tbls e fema th« 
coaMom smljse-rlft* flie sa®« iiolte tma of r# 
Iiet two tlagQnal he 
\j * \ ^ 
Thmi tke tm off ftlagoa&l ©leaeats at tli@ mmms of tb# 
eompl«t«a r®otaagl® m flits© two ©laaents a,r« ea-eh girm by^ 
li k 
wh@re aat lav# tfee saifte slgntfleaao® ss l.,ron®ek©r 
4©ltaa» 
fii© ate©f# ii0tatl®a maBtfclss as t# ilsomss, at om tla®. 
th« g«a®ral twa #f th® polys0ffllal exprnaim o f tk@ gmeral 
^'s«© artlel© (24-Ih 
no 
ietemlaaat of orft®r a*C*. % propositions I - f* tills 
teritt Is O'f degree 1%:*, liataf tm any mB #!««©»,% ani eon-
talas St l«at ©aa 
In tfa« f\3rtli#r tls«mssl@n,, w© vAll group t©getlfa@r ail 
teros o-®iitalaliJg. iieatleally tli# aM# 
s. .a,^ _a • (3} 
l| fg 
4sa#elat@i with mmh nmh a#t ®f teiraa Is a'lallae® ®xfa»-
sioa of tfe® t»t0mtoaiit»- ' CMe ©f ©xpasstoa forms 
tw© 4®t@a?iatBsnta, tbs first e^peset #f tbog© rows aai 
c©li^e ©oatstali® tb® glT^m 
"lAi^g 
ana t-li® • O'ttoier tsteaatusat a#ap©s®4 ^of all otb@r rows ani 
mlmmurn fbe .pmi^ca® ©f ©no? mss ©f tltia I»®tlftea #xp.|tiisl®ii 
la got t0 #TB-lmt® tfe# i«t«i»toa»t,,. aai w# to aot e©fle&ra 
omrself,«s wit to sm.j ©tb-sr teleraiaaat |>.y©teet ©ontalmsi i» 
ity ®»g«pt to aot# tl».t && t«ffl8 T'es-mlttag fr-om Its e^alm-
atlon emn affeet tto,® ooeffteliat of tb« ekoB^ pr®aaet» 
a_a,^a • • • • • l| kl pg 
for eTery Qthm proftmet tfe«re will toe a eowespoadlng 
• liallae® exfansloii* Is partlsmlai?, tii© pi^amet 
my reiWB® to a slagl# 
ux 
tto© first 4#.tdr»laaat ®f tb® prsimet 
sasoelati©4 wltlfe 
a  a  a  •  • . «  •  
1| 3fel M 
Is Irr^'raa.snt,,, 
Itself, ¥#a.aas» all otlitr frsimets will'We. ilseasBet mai,«x 
sons §tli®ir . ;• 
a (4) 
Sext., th® figa ©n tills 4©t«rfria8ii$ freiaot is, hj the M" 
llao-© ©xpaastsm nil#, e^qmal to l,,_'b^a-as@ tli® row anft 
eoliM, ammbsrs for, sseli a,j| af.©:«Qial. t© e&ab other, there­
for®* the mm ©f &il r©w ami e®lw® B«iiers amst &rm» 
fM ieteralmaat 'tf 
a a »a, 
will tsta tb.e ftriaj 
rg'o^^a rijo'Cfco'^ • 
'4.(J*®a!)** ro»Og-»4 . iPoj'eoJ** 
'oj*®c3*4 . Tj'KSj^a 
• • • • « * 
»Ci»*®©l*d 
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where we tov© aade stteb latarakang#® ia i-ows ani eolmms as 
to brteg th® single su%»erlpt r*s ani ©* s into tb« prinol-
pal aiagoaal, sor«0v#r , .w® te¥« wrltt®. 
B © ' . 
r* I e • i as 1, 
.A Q (61 
and fiaalli-,. wm Ief© oalttst all tb# ®xy» sIb®@ we tisciass 
thm mi«r soa® otiier .liatlaee ©xpftBsitn.., 
lf» ill tli® ffitnor {&-12J» all, til®, capital letter® ar« 
mutually ilstlsat, ami »ll the lower ess® letters are also 
omtimlly itstli»ot,» thai hj t"ii@ Kroaeeter ielta rti!#., th® 
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TMs, minor is of tUa saa® fora.as tlie i.®t@r»li»nt 
QvalBated in srtlel# (2)» Let 
l-Cr^-^^Hrg^e^lCrQ+rgi * - • C2) 
113^  
Qml4 ft ,-J + i— * V • ylg- • |g""' 
%**®a %*% ^ H h 
flteii, £f#a•-©^mtlorn i4~Ei,. tb® Talae -of lli is Xt Is 
mlem m ti»t will , coatsia anjr 
V B - - -
/gTQ^m% &m@ sad oaee ealy» •ami afty foeettl® proflmet j?©plae-
. li% aaj T &T e toy i,» 
14# g'SS® ,11.. , 
i®t e-.grtate of th® v aai « #s«Br exsetlf- twle®*. W@ con-
tlutt®,. as -al-waya.^. %& mmi.mr th© iatla## istei— 
mined If th.# * • * far®imt mter ii^tasslsa* te 
tfe« -©©©ffleleat ®f tlils .pxQiae-t, liBk© sm0li latsr-
ehaafS'S ©f .rows «»i «•.©Imams a.g will "bring all sleoaBts ftb© 
n®gl®@:t«ii 
X y * -
wlier@'.^;Siai; ^ -repeat#! In s^iwie ©ttodr -elemeat,: l-nt® 
til© upper. Isft-baai €0£B®y, ami-sll -
wb©r@ bath t an# m are ti.a.ti»©t la th# -iA#ls alfflji', imto 
tfa® l©*®^!- righfe-fcaai «.®aier» fte® »tasr wlJi mp^mm mm 
I 
B [ 1 
l£ )  
131 
214 
wfetre B is a mtTix., eonsiatlag ©xelnstvely of ©lefflsnta 
©aeto &qml to i. fb« partitloa lines, ms.m B anfl 3 
rnqmre b®©,ame« ©f tii® s^fflaetrxcsl nature: ©f the ©riglssl 
asterolaiait*, 
lext,*, ©onslter tb© isBlac# ©f tlils minor, 
by 'last mlwm.Sp it will !«,• 
4 B * 'O'tlia?- ttter«la«it fi'dtmets# (4) 
Mm QmBiAmw a tfplo,al ^'iete^laaat profimot". j| 
will ireplwed s««# Qthe-s wmlmttm ©f r©w@ from tto 
laat eolisas^ If amy two rmm &f -1* m mre s-»l0et«<l tlat alntj? 
will I)©- aero* So w® ©aa eoastie* osly tli©gt i«termiafiat 
proi'ttots in wkiela oa© rm o,f i*s r^lsces eo© row • of B# 
Gall ttols ttiata? §, M G ,smfet3eaet -tili® rew of i*s fr®® all 
otner rows,, asy mlmm-, smj the. first, fro« all ©tlier 
eolwii* i'fee ffilBor l«e#-»sa 
r. 4 & :r* •*© « ^.0 k m «• *"1? -wC A a S 
0 a 0 • 0 © 
Q 0 0- 0 0 0 
• • • -m * • • m 
0 0 0 • 0 0 
• 
• • #• • «-
i 0 0 m «' 0 
•* 
• • « « « • • 
0 u 0 * ,. 0 • •« • 
Hi 
• 
« ~ 4 J Ci) 
^ J 
wk®r@ the-preimet Is all stitoserlpta* as'stotn la tb# 
alaor. S is mmlt'ipli«i a aiaor,,. say ?* oomtaialag tk© 
row of 4*8 l@l©tf A la tb's' saa®" row as th# aaittM mw of B. 
frott f6) mo t@raa fe-oa f sdntalatog -t'to.® letter 4 oaa 
sarriT® as is l^#a.sll)l@» la.cio® ta. f all i'*8 @mi 
a^pr«ss@t. Brnt tli® f will e0ataiii a row of zmas, so 
tfeiat fC«0. fMerefOr®, tk®s# tefffls @«i %& ii®gle©t®i li«e, 
•and we ©aa ©oasitsr ®»lmstv«lf tk®'e^anstoa ©f aB. How 
B reimces to tfce tma &S ths i«'t®Mtaaat cyC artiol# ('£l ani 
tliat 4S,seaasioa- s^fli^s li«re* farfhs-afiei'®* tk® proimct of 
aiay t^ra ©f tla® •«:«fsasi® of 1 aai aaj tmm of tMa ©apas-
sios of A will aot -elisi^# tfe«. -wtltlf.lieitlas' of aa;;f amli-
aorlpt, aa aM smlserlpts in A ai«« ais'tinet fifo,® all in' !•, 
this etrely aeaas ttet -will- to© t^iis to mllmt , 
together ia tbs resmlt. 3© tf thm la wHty ta 
©aefe aiaor,.. It wl'H-fe® unity to tl® ptoAm-t* 
I® ar# aow to mm&l&m ti.s ettmt of .r®p«t®a smto-
seripta la tk® ex^imsloii of Am lot all t«riiB to its 
©xpaasioa. iiiel«jd0 TsriaWes with, eats4 subsertftp-, for 
la tb« ©leiieat 
r|_'^c^*i 17) 
f.i'feber i or J is refsst#4,» tb© «l0«snt a|»paara ia 4# 
for tfe® pm-foss of tkis mgwma.%^. we can eomiMw tb® 
aiaor IS-12J ae tlie writtie omt form of 4., im the gaaeral 
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@ff aisgQaal, ®l©TOat .• 
i.. 18) 
r-t, aM e., esoa^t totb fe© missing# fflis argWMit applies IS: - Jl 
©qmally't© tootb eases (one aaat 'be asr®!, "but for elarlty . 
w ©  w i l l  t b l u k  I m  t « r t f l 0  # f  . r »  S h o o s t  s  f s r t i e m l a r  & f f  
dtagQBsl ®lea®ot,, 'S.&f 
19) 
^fb«i"exp«m.i m by tola## ©xpaasloa ly tm row® to^olnfflns) 
til® om eefit.simtag • 'i .asi tk«' ©a® ©•©atalm.lag tbe 
SMtastyle #l@a®iit * i#. aet^r-sliiaat pi'&amet of tb® 
*»&>• 
•expansidtt .wlH to® ' ' 
T.-m-* i I 3 
r •i 
•• t 
X m iiQi 
wfcer@.,m la th,® ttt^rateast e©€fft@i«iit# lew m''-«0#s m% 
m&t&liL slue© ""'liy assmptioa, ©ee-mrs mlf twlea la 
tb® «la ilagoasl, aai 'botli tiaes asm b#f0r# ms. By a 
faalllsr argB.»eat lartiele 10 j tiig protoct rj^i is abseat 
fro» tb© #:^:iMasioB. Ala© 'o-aa 1© •£©»#€ la tw-o ways la. 
the ffisia ilmg#asl* 
It msj haff« tlmt or m»y Is je^ps^tsd. in 









X S {11) 
llf 
- I'll® protmut forfflei from tbe oaln diagonal 
in tkr®# ways* aas©s liav® hem iispostd of. Sy 
the argoment of artiele (111, o©emrs M m@ expansion 
witli eoefftclent mnlty» 
~ 1^* ^Q-SQ ..III* 
" iitt tb© subaoripti ©a t aafl © .rteiir m arbitrary ammb@r 
. of tlia©s, ill© ieteminaat e-oe^fficisnt of • • • 
will be smoii tkst tb«ra is sosit nmmb@r ameb that no 
subscript m ©itber r ®r « oeoMrs mor® tfaaa 1 times, aai at 
least oa« sAs©rlpt &om£B I tiBi«» I^t tk^'e b@ » Bmh. sub­
scripts. C.bo©»e any on® at will* We will filscmsa th® o©-
emounta of teras oontalntng thia particular r, or (say 
for d«flalt.®a©ss)Mm @x§b,M tb« 4#t®rml»nt ©o®f fie lent 
by I»stlaa#*a tli®or^ so on® aatspolamnt e®ataina all th.® ©j m& 
m- other 
@ **x J X ® i 
• • • • e +4 
3 
e^*i J y « ' '• • ••• ©.  *4  J 
e •€ 
4 
0 *4 J 
® +r •€ J z « • • • ©. .'M. 
e +4 
i 
• « • « 0^+r *4 
wher® 1» coatslns m e^, ©ni no ai^eoript ©o^aurring aore than 
I times, fmrther^ th# x,y,.a • • .. m in tti© writtm-omt minor 
ara- all distinet. In tb® exjansion of th« minor,, an r «mst 
be taken fr®» all bmt on® prlm©.lpal element as othsrwls® two 
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rows ,(o0l««B.»}' will iisatieal aat m-laor ©qmal to gero. 
If w® oalt tani Imelma® Qj) tfa# ixrofimot Is 
re  .3?  T •  •  .  <2)-3: I g -m 
If •«« ®wlt r„ it is 
m 
lew I El win toe TOltiplisa t@r«s l»r#lTimg from £, ^ 
m& (g) will •&« amltiplled hy t.mm iayolviag r^. fro® I.* But 
.tbds® t^rffls. will all to® listtaet Inegleotijag thm effeet ©f d 
for tba imt to tb© iaelmsloa of tistiaet e"'s vmXma 
r^.ani ©eo«r- iB tisgmal ©l^eats witli at l^st on a pair 
of e^'s with tte® earn® smbaerift» la tb© latter ease tfe® proeeas 
0f propoaitioa II ®f arttel# {§) ean ¥© meA before- tli® 
Mflaee ©xfaasiom wliiefa g&r& til t© stesw ttet tk@ mimr is 
zrnrQm f-o 8®0 th« ©ffeet- of i, €o«.iag &oa h ec»sii@r a aif- . 
ferent Ialla.ee e:i®attstoa. ia tb« dsteraiaant a9©ffiel@at ©f 
I.,, in (l|.,-p.iel: ©at tkt two «l®a#iit» e«*r and ©^•r 
* ^ <3 S 
mi. from h any fliagoaa-l ^.#BeBt e'mtaiaing r^ aad any iisganal 
©lesaeat eoatsiaiag r * III© amA@r sf @as@s will eqmal to • 
% 
th# proi'-aot of tli® •ocemrrffiises of r_ "la- tht Aiagoaal of I. toy 
w 
th® nuffltow'-of oeewrr@mes o-f r^ to tit® saae ilagomal, fb©s® 
four sleffient# attsmlii# a -I«fl&e-« ®xpaastoa of- tto,® original 
d®t®riQlaant eoeffiolent o'f a • 
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X £ 14) 
As we ar® e©sslt«riag proimets im&lriug A, aafl e^. earn he 
aegleot-ei itliegr glT# rise to loaa fl4«. terms,, but oteflsusly 
distlaet.&s A and B-ar© dlatliset. firaojl, , then:smtel:rset 





0 •0 r y «• 
0 0 • i r^*i 
X i: 15) 
or %&TQm 
from tit® ©xpaasion,, (4),. we see tfeat fii® ^rodmct 
•  »  ••  m  6jr '  r  4  » iw & 
Qm be fora©i iu fQWc ways. ' Ivery ottoier cfeo.la© of a pair of • 
iiagoaal 'sleaents fro® I« will- glr@ rls® to foi»r ©ititlomsl 
waySf all- |ire mto* 
Thar® rmaa^a o»® aite&tlon y@t to tlse-ass* Ttes prsvl-
oms aissaBsion all aspeiiflti oa tb® efroie# of olther <2| or (3), 
ao that aaay i es»© from low., w« will pick jmst on© of . 
r ani r . say r_» ant s:«# th« effeot of r^plfteiag tb® othar 
» # y 
hy Mm laasttoas {£) sM 13) feeeo»® 
12:0 
J m (6) 
aafi 
• • • 
i i )  
If• li is free of ii| .ana CfJ me tistlnet* If I» aontains 
r pl.0k til© two diagonal «l®meats glrlng rls© to .16) (7) 
in tli« li®t©riai».Bt eo0,ffloi®at of %t, ant fiiagonal ^e-
e-oataiai]^ in i* ' • 
'first nstfice tlia't ao two 0li0i#®s of from i ©aa giv@ 
rls@ to it#iitical t@riae of tli® #xmi»ioa, as no two r.*s 
are aea.oeiat«i ^Itli e'*s with th® aa»® sm¥serift, aad tfe® 
assocsiatti 1 eaa'*t.¥® ofeoa^, as w® -ar® ©xplleitly smppliriag 
a i, mi i is l^dss.ille» 
tfe« ©riginal la 
toy tbs- elet^nts selestei Wt 'hm& 
siaor e«®ffi©i®at of .a.^a^.a . . • ij S:1 pg 
Q,*T '•"d 
I I 
• QM * &  3  
w*i, 
y 
as fb.® eoeffieient 0f 
3 s 
r^+4 
i X M { 8 )  
a. a, n s. •••••. i^ kl PS ( 9 )  
lot® tftgit 
®iV ao) 
can tj.® feraed froo. tM® »im iiagonal in tbr®© ways. 
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fliig alaor bas Mm ®Tali»t«4 la @q.matl0a i 1-14J eo 
tliat feh© tirm 
r  e .ar  •  i l l  X J y m IJ fg 
©@emrs l» tk© exp'&maim ani bas.tbe eoeffleleat pirns oa«. 
fbls coapl«t®a t&t .iisemssios of t«as laTolvlng e^. 
If som® otker s^seript tm. tbe A-etamlBant eoeffi©l@at of 
'& B. & ' * • • Ij fg 
also oeeia'® I tlMS, we rsftat tfee aiaenssl0a, finally all 
81 smell ®:Q>r®s»loas ar® ©xtemst®i. Am m&h Is flais'liti' It 
ean fe® iel@t®i .froa- to.® wb#le Sir-#iitmally we art 
left witb a i®t«rBliiaat la wfeie.li. e® smbaerlft is 3f@p.eatei 
wore tkm tl««s* flils amst finally aafl* 
fMerafor®, the exfansloa poss®ss«s ©aly tarn® wh^leto aan.%« 
forantd Ijy s-®l@etioas fro® tfe© e»Iii ilagonal aa oit anAer ©f 
ao' vai-iabl© of iagr-#® a¥0T® on## 
16. Syateelic xiegalt. 
'i'hs symbolla ©f srtlal® IS| forially l& ©aglly 
extended# ii@t 
. 4 .  «3  r  1  i  •  l ,g ,  .  •  .  .  g*  a )  
i j 1 aay 
l.» i 0 4 • I • l,2« • • '• -'•..0* f2) 
^ 1 
D -  1 , ,4  4 -Z  1  -  1 .2 .  •  •  •  •  f i*  (2 )  
4aj_j J • 3.^2^ • • . • 0* 
i£a 
tb© T.emlt Is 
a 0 a,o 
cTT 13  cTT a^BJi  t lT  a  j  H)  
I ^ i ^ 
txoof J On pree«tlag w® tef e a -prmt t&at tli® 
©a^aastea Is gfrea mil possible sA®©tl#iE©- of varlal^le# 
from asls aiagonal rnXmrnntB, ©a® fre® eaeb, .ao Tsrlabits 
ommtriag twte@ ia muf 0a® te.m# provliei. th.® tera can 
t>e- fsriteA Im s«-©i,4 amrt>#af #f ways, sp«<3lflo&ll|r ©a© or tto#®, 
fli© pres'tmt pr©«f will %& 8©ffipl@%« tbea. If w® ©am stow that 
{,4) yl#Ma tto# eorreet fmm aaia, diagojisl elaagnts. 
It mmy ;e«am^@d tfeat op€r»t©rs 
" Bj  aai .B (Sj 
©••be^ the (l) ass#©latIte,, till e«amtatlv# siii- (ill)- Slstrl-
toutlT# laws. 
laah element of tk® «im it^goaal eorrespomis to tb@ 
oorr^ponil^ "ij le 
• •  ® 4 4  IJ M 
fo for» pafttemlar .term 
then, the A|_, mi 'B ema 1# e.anslierei sbom of the ©or- . 
r®8poaii»g partial ierlTStlT-aS:* for #xa«pl®. If all 
are preeeat la tit® t@ra, 
•  Q (8 )  
1E3 
lext a partlemlai' oan appear la s pf@amct onlf as a result 
of opsrattng with ete» if tb# prol^t' 
a ,  t B ,  • • »  
is smek that a gkwm r^ can %@ seleetei from tli# maia aiag©»-
al in saly on© way, ttet ©eaas 
• C9}  
wfciera j is tbe ©nlj a.aooafi si^seript i»n aissiag from 
(?) wHen the first subs^eript is 3£. 
If tbe'froiwt mn jtorme.i in two ways tlmt memm 
a.* • • r 4 • i-—^ tlO) 
nr X 4a X 4a X **1!^ ^ xz 
ani ao -on* 
If tk$ prs34»Bt iairolvesi A ttr im mj case) 
•  4  I  K. t  i  : C l l l  ia ia„^ 
xy 
feeaama® all p-artial asrivatires that o^e-iar la mj A' or B* 
ooem' ia B* • 
for th© proimet 
a • a a * • • ®irfci pg, .. 
©aeb A^'tken eoattatos tlos® partial i®rivatlT@s wb^e tlie 
a^j goes with aa amila'bla r^ la tfci® el@®©Bti of the aiaia 
diagonal, for this particular tmm (4) taices tb® for« 
Uijajciapg • • 
1S4 
wliere • la the proimet of sll reoaisiiig aot In • 
til© first teraoket* 
Tkm0 ta a oat to one G&rrmpoM&mB between seleetiag 
m £tm a oaia ilagoaai tsria, mfl ©pafstteg with tli® 
^— froB A^,. wmt'% Is th® a la the smae element 
xy 
wMeh tfe® 3?^ was s®l«e:ta-t# 
Sine©' th® feistIffla Is saa to oa#,. tb® oonolusioa' followa* 
I f#  Esaayls on the a#terates»t .evalmtlem. 
fh© e3Q»r#ssl©a for the valm# ©f th® deteralmat @f tli® 
©x|i©B®atlal satrlx., wfall# tntei-estlag. Is l»iill:y« lo faetorl-
zB.tlm was fomi of th® staple exfraegloa of'article (7), 
aafclag a slispl® tmm tm the la¥@ra« 'af the full »atrlx m.-
llS:«ly., le-raftholtas,. th« work of ths fmll ©Talmatloa Is 
Jastiflti f&'£ two-raaatag, in aiiltioa to th® Interesting 
jmth©fflstlesl prohlams raisei. first, th© posaihilitj ©xl8t@4 
la th© h@glffiiiiig that th® rtsmlt w©mlt proTe attraotlr®, 
3®6oai^, th® -resmlt ©htala«fl (sdali still ha tis-ofml la maehin© 
InTeraloa, fhe a-aaher of t@ras te tk© full asterlalaant ©x-
pauslea womlfi h« ta*0*)l whereas th© nwh®r of ttrms ia th® 
result ohtainti here wiU h© l©ss than fo«r with th© exponent 
1B& 
III MBiiimMm Qoissioia 
A Altaraatlve 3a.i^littg flaaa. 
1»- cieaerslt. 
la s#etloa IB-Il, .five posslbl® strati fie at loa pro-
Q@fivx@s were set omt together wltfe tteee possible pr©©eiur©s 
of estiaatiiig e#ll fOpmlatlOB, profortloas fro« saapl® e®ll 
n.\Mab®?s» i%e aef^.iaatlda of a saa^iing proeeaiire with am 
estiraatlaa frteeiiare is ©aHei s s@»pllng pla.a«. fi«t ©verj 
STick co.ffito.iBatiQii is a©suiagfrnl® 1%©s« tbat ar® are ais-
etissea "briefl;y feelow la tk® trier i» wliieli tli® .swpllng plan 
involved Is set out la srtiol© t3-II aai witfein. saapling 
plans lii tb® ©rdsr of the sstl»tl0a proofiiares as listei. 
Of oonrse, #6©ii ilsemsslsm rsf«r» to Mt oaa stag© of 
a laulti-stagfi saipllng aeh®®© If is ms©a, md if saiip-
ling Is doa® wltb flx#i a^, it Is laaaterlal wbetber tii« 
w&lu&B ar® flx®i m tk# tjasls ©f th# erlterioa of optlmmm 
allooatl©!! of lty«,a, Mahftlanobis, or os soma otlier erl-
terlon, 
2* aafflgling w ith oomtalet© s tra.tlfi.aat loa* 
As rsaariei la atetioa. (B-ll, If the saoijle Is oom-
plately stratiflM ia tw« i.lia«fl8lona, tb® thtorj af on® 
ilo0asioaal stratlfieatida la ilr«etlj appllesfele. fb® 
lEi 
feramla tm tb« Tarlaast of oeans witto eoiplet© 
stratilisattaa, analagoms to f©r«mla 'i9-^-1 j is 
S&»p3.iag GWipletely at Kaaioffi*. 
fliig is tk0 sifflpliiag -filsm wliicjfe has k@®ii ®0st fmlly iis-
ciiss©4 ia tMe litsratis*®.., Tb© tbjf®# «stli»ti0a proeeamrss 
ar# fmlly appliealile. If ®ati»ti®a prooeAwre <4] is ««-. 
ploy@i» t'be TOriaae© of tfci© me&m Is .giT«ii ly eqBi.t;ioii 
H-S -I) exe^t ttet iomlJl# smfeseripts will appropriate. 
v»e-fflay writ® fhe rssmlt a« 
A 8a®fl« flan stotcl. «plojg r«Bi0« saipliBg witl.all 
sasaple sell imrters alj^t@a t© tk® aarglaal t&tali will b® 
eloselj r«lst@i to t&® selieo® 4isemss«t atecrr® in stction 
13) • fb® vsrlanos'sf th& estiJ»t®a will fee 
"y' - InAj (1) 
iB'i 
11} 
f { i l  * f * L {&} 
wiiare tteis foramla is iimtleal witk -(g-gBj If. th® afijuat-
went is m.§@ prior t& th« saa^llag. in a nwtoer »f ©asea. 
12 f 
it will be .ifflpoeaill® or laoonvtmleat to applj tk@ adjust-' 
aent mtil aftar tb® sailing rasmlts are tn» In tfeis east 
L will still he sirm toy formula iH-iA), ana f will liar® 
its genersl for® (§-2A.J« fat 
•IJ  IJ  U 
vh&r® Is m® aijmtes cell a^j tb®lr ®bs@rr«« 
Talti®'S, aai e. , tto aij'iastasat» f em b# redae.ei aa 
follows: 
* ( l /» l t | j f ( l /m^|11  i ' f  
sine# tto T-^a« ©f #,. Is a®ro.. &m 'ttie secont t®M 
in (4} is p©sitiT«, tto® presmt is®tb.ot is less preeise th^ 
tii&t 'terolvii^ s4|msta@nt pa?ior t© tlie saapllag, t® tit# ex-
teat' r©pr@BeBt«<i Ij tkts tearm# 
If ss^ilng ia rm^m ^nt p.#pmlati©3a o@ll froportlons 
ar® mei. fm tli# e®H fi-etmeaet#©., tbls -case fc«eQ«@.s i4®ntl'-
eal wltb ®aS'# If of axtiel® <SC-1) sni tb@ ilaemsslMi givem 
there is applieable witbomt e^i^gi# 
if @stl®ati.®ii pi-oeeiw© |G) is «s#d, tkia eas® again 
r©tee®s ©ss^tiaHi- to m ©a©*aiB©msl@asl esse.* ami is eoTerei 
"kj ©as© 11 of. mmtim (G-I). 
Igs 
.atestifying on .ejitogion oaly* 
ffels. iB,.' o-t O0iirs@.,, airtetly, tb,® si.toatlfla ©f oa®-
4iffl©n,sioaal sti-atifisatl^m aafl so s®©tioa lO-I) applies 
bo illy* i%® 0M« attmttm wiilete ean exist li«0 ttet il4 sot 
arts® te tk® ferttef disemasi©ii is tbat in -Alefe tli® atrsti-' 
ficatioa Is m ®m«- Qrlltrios oalj,, bat tfeea esll mifflbsrs 
ar® aijmstei msMg 'tbe otter it ttee ad|ust»®at 
la 0arri«4 ©lat prio^ to tile sm«pllag^. m tfeeorea glvem is-
plieltly la tb@ mvk of aa?tiai« ilzfi &S' Wyigkt sn4 aayforfl 
sbowg thiat tto taie «xt@at tfctat fiia a^roal afpi x^ioat i®® ap* 
piles) tills la aaot&sr way of ©srrjlag omt tM# least 
sqmr© aa|mst».^t, feeiae® th® yesmit is agmlvalent t© esap-
llng flaaif-4j,. If tta® atjustaaat is »i« after tli© aswpl© 
resmlts ar# in, tM© term i» l» maghsageS, ani th® t€ro f 
takes til® for» 
'• •s ^ lj »IJ • '1/°®' ^ '"ijAlj"!! 
hut tb# steoai tirm Is to "be ©valmat#! la tba eltaagti 
titioBS* 
ISt i iS l i j  El .  l i . l . r  
If thB distritomtldm of tbe first oategtsry ma®i fer 
stratiflestl#ii im. the f©pmaatiiM is of tb® its-
trl-btttioa of the BBmm ©ateg®£y» thm tfe.® Jolat popmlatltm 
etll freqmtmty will to® 
l£f 
# J 
Sttltb'^SO} baa smgi«st®i im »m mmMgom sltmatioa, th© fr0« 
priety of assttslag. tbatlil lioMs.amd lists, aevea »iwmtagm 
of tilt seli«© tn praeti©sl tforfc. it is quit# p.oast'bl® that 
in a r©0i»riag sa3»v«y.*, mm th& BL^j Cost of liivii^ 
tke effi0i®ae-y of til ©oali b@ «stsMish®i* la this oiramw-
steaaeo,, h r&im&a' t®.a ooaataat biss't«p«« 
3 'Direction of futar® SorJc' 
1«. Gemral* •. ... • 
iis is not Taneottffion, o-lose of th& spooific topio 
of tli© |ffes®at thesis "toe suggestea a atuaber of &aaition.al 
poiats ivhicbi apfoar fraitfml for dxamiaatioa. 4 list of 
eigbt sueh topics is gifm in, smeseeding articles# The first 
four will appeal most to the praotioal sampler, the last 
fottr ar® ©or® tlieoretical* fh® last taroe ar® purely mat'ae-
ffiatioal., ant deal with probloBB eaaomotarefi ia the treatfaent 
of the exponential Aoterrainsiit. 
£. axteiiBion of r.eaalts to higher .dlmenaioag.. 
«hil© the WQvk of this thesis was eonfiiiea to the strndy 
of the saapllag rmriame of means of aasiiples eeleotei fro® 
populations stratified in two diiaeiiaioiis with reatrietlona on 
the laarginal totals, the resiulta of seotloja are 
130 
p«rf«Gtly aai apply to-a sjsttm of sai^lljag wltli ila-
@ai? r«straiats l»r@sp#etlT# of tks aowo©'of origin of fkmm 
r®stralat0« tb«or@ma 10) aai IBI, oa wlile'ii depeads 
%h@ protf of tk« »<imtfal0a#« 'Orf a&apllag plaaa 
(l-BJ •* ta tUs Isttsi- oaa®, tto.® aiJa®tM«it la m&% 
%f tm&a% mqmrm^. prlsr to tii« s-a^llag — Iiit©1t« m ms« • of 
tli« mtur# sf ffctt llne.ai' 3P«3trlfitiotts mm tfe« o«ll fr«qme«icl®s 
Qtlmr tfeaa tetlr ^sa^al teiipeai«M«l asi %mm at eiie® 
to any mA%@T of 4i»aialoa«# 'Shm @fflei«iisl®a of tabl® li) 
@m hm ®Et«»i®i ia aa o%Tlom» mmm* 
IM msL ftl M MMi* 
A »r© 8«rlom» sltemtloa, ®yla®a wlmn «rors la tb© may-
glasl tstala «:r« ooii®l(t®r®i* It Is m longer l@gltli»t®i, as 
w® 4li iB artlolo (44»il) t© th^w tb.« »rgli»l totals Into 
ttot ©ciistaat ®f iategratlom* Jmst wliat fer» th» stlmtloa ©f 
this pr@^l« will tafc^ to ftlfftemlt to for«sfi@.|, "bmt It Is at 
least fosalllt tkat vl«wtog It .froo fkm l«a«t sqwr®«' atsM-
poiat will of »at«flia. aaslstsa®## 
gofflP^K|8g,.i siS ftlii* ssS&M M aasM i^sMia* 
•Ystos (61) 8«gg@atei tM« aso of tefers® asi^llsg for 
ftstmally trawlag th» s«plo,. wlkloh Is %%m m to 
the astfeot pr©p©«oi to artlol® a® liaa Iniloatod him 
#s^«otatl©a ihortlj^ lfe@ pitollslt m& aidltloiml not® on tMs 
Ml 
problem at a fmtur# 4ate» faet .tliat in. iavers® saiap-
liag til® formala for estlaating e«U fr«^m®neies is 
iiff©reiit fro» tbat of ordinary sarapling asggests tbat a 
rather earefml ©maiiiiatlo.ii of fiiis |>ropos«-i altornatlfe is 
called f0r« 
Sgamlt a iaprqt ®a s£SS&2Z* 
l*be results ofctslnefl in t'bis th.«aia ars ojaly aasymp-
totieaily falii, tomt as tb© prefel®® Is eloselj related to 
tii« ebi-sqiaar© preblem, .it is inftrrei toy analogy that no 
@xaet solmtim la m&le form will b#. ©"btaliiaijl©, ih® 
present writer toss not seen a foraal proof ©f this conelm-
slon in 'the eas# of fii© chi-^aqmr®, tet o-bvlomsly it is 
ieslrable for tooth proolems* Suoh a result womli very likely 
follow froia the aoa-adaitlv® property of the 'biao-ffilal anfl 
h@nce t'be- anltlaomlal filstriteiasioiia* 
in the ahs®a©© of aa exact aolatioa, th© aoemraey of 
the'thesis result in stoH saaples comla h® investigatei hy 
ohtainiag the seconi approxiaation. Xt appears that th© 
convenient reaults of jio®l 126i ©b th© peeoma approximation 
to ehl-sqmr® eoml4 h® ataptei to the prsesnt prohlem with-
out great fliffloulty, 
-^h atraot gpaeifleatlon of aamialiiip jjlaaa. 
The theoreas of th# thesis glv®, la general., smffleimt 
eottiltloas th&t the eoaoliisions follow. Th© aiaousalons of 
X32 
tlia fomp osa®8 of b est Ion iC-ii- &t0 &£f@Qtirelf tkeorems 
ttaor. 'A Is sufgests taat a sort of f met ton-
tH-eoretle, ^ iiaraetsrlastioa of pesslble saofltng plans might 
to© lllminatlag. fta It ooult he trm« that If a saipliag -
plan la r«itiir©tl. which Imvolvm m prior taowl®tg@ of tfe® 
popmistioa, th.iii only ,rmim s&t^lMg is possible, it la 
oft an atst©a .that, in stratiflafl sampllHg, if tli® strata 
variaacea are tmkmwm tkea only preportiomate sampling is 
posaifel©, 'A aor© rlgorums mai sjsttmati© examinatiOB of 
these aai other imtmltiv® eeaelmsioiis laigW proT@ fruitful* 
?• ^atorigation of expoaeatisl 4et®rBiiiant lay the tis# of 
^rQttp t'heor.v. 
While the ma® of tli® fact ttot a ieteroinant is a poli"-
aoialal Ib its ©leaents mM thm ub& of th& f"aetor 'Iheorem of 
alg©lra' is o©raa#Bt in the aanifalstlOB '©f siapX® aeterainants, 
no som-oea of more sjntuoatie treatweat of Atteroiaants toy 
applying to thatt tlie tools of alg#bra ievalopeft for the 
atmdy of ©xplio-it polynomials was loeated* It B@mB eertalm 
tlist SBch. a study would be ms«fml la.gmeral as wtll as in 
tie special oas« of the aetermiaant of 
8» i*lg@terals 80801 float ion of f&ctoriza^le (i--atargitiBsnt8, 
fk# a®t®rminmt of a is mm of a efaain of fom* a.@ter-
ffiiaaiita of-i-aereasi^ complexity, fbe teown smesessfml 
resoltttioa of the ali^ler fflootoers of tke ehain laalosted th® 
las 
propriety of aa attack; on tha aeterminaiit of Z Itself. 
fhis smggfsts the teslraWlity of a stmiy of th® mtm® of 
the rastrtetlons on the form 0f a ietermiaaiit whieli ariae 
through given apeelfloati©as of the for® of its polynooial 
©xpanslon. fhie is, of aotirae., a generalization of the 
prohl®:© of artiel® , r?). 
SattaeratlQn of taraa la aroaaieA a.iQt©rffliaant« 
. The expai^ion of th@ #%onan.tial iaterfflinant is glTen 
in s^otidn IC-II), ia the sense that a ru.1© is glwm to 
ieternslaa which terms are preaeot aad how to fieterains th®m» 
An ©met eoimt ©f the nmifeer 0f terms which will fee present 
in tha ea^aasion' of a ieterffiimiit-of giv@a order appears to 
h© of at least theoretieal iattrest.. 
0 Smoftsry 
fhe prohlsffl of th® effiaienej of saapliag frow. a popm-
lation stratlfiei ia two tiaensions whsr © the aaople ejell 
Httffihars are ehosen at raatoa smhjeot only to the restriotioa 
of agreeing • with the ptpalatloa aarginal proportions has 
heeo raised Ija leetur® notes hy iilMa. ani in & rmlm artiel® 
by Yates. An aseyaptotieally Talli tolmtion has heea hm@ 
presented# A prsotieal sehto® for arawlH'g samples sua 
a ?©rj sifflpl® foraals for assessing the eoi|jaratiT® aeemraoy 
IM 
of tbls tfp® ©f Baapllag were toss«d oa •©ai'ller r@smlt® in 
tfie 1 Iterator©# A rtvlew ©f tb® sijspl®if eas© of stratlfi-
eatlcia In on© aiffitasiom, a eo^arlsm witli olber pesaiblt 
saiipllag soh#ffle.s ani eertaia smggestious f©r stmdy 
wer® also 
11 AOmOWJMiMs^AmT 
flie .ireaaat problem grew ©mt of laetar® notes takes by 
A. M. Moot of l®etmr@s glv®!!-V iilks, to whoaa aataio^-
iedgemeBt Is fiaerefer© dm®. Afpraeiation la also im© to 
W,. G, Ooetoaa for his frlaaily Interest, imi for sufplyiag 
4@tails' of th® proof of &m of h-ls results# 
The tlmt-aad assistaaoe of tli« eo»filttss — G, W. 
Sueaeeor, !• 1. Smltk, a, tf. -iliifistroia, i« J. Jotoson, 
0» Kempthorm® sat G. W, irown Is also gratefiilly a«Jcadwl»igei. 
Ispeelal apprtslatlon Is flue to 4. Mooi for 
originally aaggestlag tfea protolem, for suggest lag many lines 
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